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| am redly worried about teaching something to kids | may not know. Like long
divison--1 can do it--but | don't know if | could redlly teach it because | don't know if |
redly know it or know how to word it. (Cathy, elementary teacher candidate)

Teaching the materid is no problem. | have had so much math now--1 fed very rdaxed
about algebra and geometry. (Mark, prospective secondary mathematics teacher)

I'm not scared that kids will ask me. . . acomputational question that | cannot solve, I'm
more worried about answering conceptual questions. Right now, my biggest fear--and
I'm going to have to confront this on the 3rd of February--is what | am going to do if
they ask me some kind of question like, "Why are there negative numbers?' (Cindy,
prospective secondary mathematics teacher)’

Cathy, Mark, and Cindy, dl preservice teachers, differ in what they think they need to know in
order to teach mathematics. While Mark has confidence in the sufficiency of his mathematics
knowledge, both Cindy and Cathy suspect that they may come up short when they try to teach. These
three teacher candidates represent dternative points of view about the subject matter preparation of
teachers. Cathy's view--that she understands the mathematics hersdlf, but needs to learn to teach it--is
the basis for traditiona forma preservice teacher education. Mark expresses a view that undergirds
many of the current proposals to reform teacher education: that people who have mgored in
mathematics are steeped in the subject matter and have thus acquired the subject matter knowledge
needed to teach. Cindy's fear that, although she can do the mathematics, she may not have the kind of
mathematical undergtiandings she will need in order to hep students learn, is insufficiently shared by
those who consder the preparation and certification of teachers.

The mathematics knowledge of prospective teachers is the focus of this paper. Despite the fact
that subject matter knowledgeislogicaly centra to teaching (Buchmann, 1984), it israrely the object of
adequate condderation in preparing or certifying teachers. Three widdy held assumptions help to
explain this odd state of affairs. Firgt, policymakers and teacher educators seem to assume that topics
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such as place vaue and divison, fractions and ratio, and measurement and equations are "basic’ and
commonly understood. Implicitly, the message is. If you can "do" them correctly--if you can get the
right answers--then you can teach these topics. This assumption holds that remembering and doing are
the critica correlates of mathematica understanding.

The first assumption leads logicaly to the second. If the content of school mathematicsis smple
and commonly understood, then prospective teachers do not need to relearn the stuff of the elementary
and secondary curriculum. Prospective teachers study little school mathematics content as part of their
forma preparation for teaching, a fact that indicates the prevaence of this second assumption.
Although many mathematics educators do include mathematical content in their methods classes, they
often concentrate on nontraditional content, such as probability or permutations. While they recognize
that their students will teach multiplication as well as probability, they choose to emphasize nove
content instead of revisiting the old, presumably familiar, content. Whatever the contributions of upper
level mathematics study to teachers disciplinary knowledge, the fact remains that a large part of what
they teach ismateria which they last sudied in ementary and secondary school.

The third assumption has to do with the outcomes of upper level mathematics sudy. Many
recent proposas for reforming teacher education and certification (e.g., Carnegie Task Force on
Teaching as a Professon, 1986; Holmes Group, 1986) recommend that elementary teachers specidize
in an academic discipline. Other current reforms propose to cetify college graduates who have
completed an academic mgor but have had no teacher education. Underlying such proposds is the
assumption that the study entailed in taking college-level mathematics will equip the prospective teacher
with a deep and broad understanding of the subject matter.

This paper chalenges these prevaent assumptions about the subject matter preparation of
mathematics teachers by examining the knowledge of a sample of prospective e ementary and secondary
teacher education students. An examination of the mathematical understandings these students brought
with them to teacher education raises serious questions about their subject matter preparation for
mathematics teaching. The data highlight the need to reexamine common assumptions about what
prospective teachers need to know and how they can learn that, assumptions that underlie current
teacher education practice aswell as, paradoxicaly, proposals to reform teacher preparation.

Underlying the argument in this paper is an assumption that the goa of mathematics teaching is
to develop mathematica understanding. On one hand, thisimplies that pupils should acquire knowledge
of mathematical concepts and procedures, the relationships among them, and why they work. On the
other hand, understanding equaly implies learning about mathematical ways of knowing as well as
about mathematical substance. The two are intertwined: In order for students to develop power and
control in mathematics, students must learn to vdidate ther own answers. They must have
opportunities to make conjectures, jutify their clams, and engage in mathematica argument, al of



which both depend upon and can extend pupils understandings of concepts and procedures (Lampert,
1986, 1988).

Method

This paper draws on interviews conducted with prospective e ementary and secondary teachers
a Michigan State Universty.  Nineteen teacher education students-10 dementary and 9
secondary--were interviewed at the point at which they were about to enter their first education course.
The dementay teacher education students were mgoring in eementary education or child
development and had no disciplinary speciaization. The secondary teacher education students were
mathematics mgjors or minors.  All participants were sdected from among a group of volunteers
recruited from sections of the introductory teacher education course.

The god of the research was to develop a theoretica framework for assessng what teacher
candidates bring to their forma preparation to teach mathematics by examining the knowledge and
beliefs of these 19 students. Using the process of "modified andytic induction” (Bogdan and Biklen,
1982), the intent was to use the data collected to revise and reformulate a preliminary framework for
examining the knowledge and reasoning of beginning mathematics teachers.

Since the purpose of conducting the interviews was to learn the range and diversity of what
prospective teachers bring to teacher education that might affect their learning to teach mathematics, the
sample was selected to vary on severd key criteria gender, academic history in college mathematics,
and stated feelings about mathematics (based on an item posed on the volunteer form).> A two-part
interview was developed to learn what the prospective teachers knew and believed, as well as how they
thought and felt about mathematics, about the teaching and learning of mathematics, and about students
aslearners of math. Thefirst interview explored the prospective teacher's persona history and hisor her
ideas about mathematics, teaching and learning math, and self. The tasks and questions in the second
sesson were grounded in scenarios of classroom teaching and woven with particular mathematical
topics.”

*There are other variables potentially connected to what prospective teachers bring with them to mathematics teacher
education--high school mathematics experience, age, or whether or not they attended a community college prior to coming to
the university, for instance. The sample used in this study was not large enough to justify stratifying it along many dimensions.

Additional academic data was collected about the teacher candidates which, in analyzing interview responses, may suggest
possible connections worth systematic exploration in the future. Bogdan and Biklen (1982) explain the rationale for the
purposeful sampling:

This research procedure insures that a variety of types of subjects are included, but it does not tell you how
many, nor in what proportion the types appear in the population. . . . You choose particular subjects to include
because they are believed to facilitate the expansion of the developing theory. (pg. 67)

“Among these were rectangles and squares, perimeter and area, place value, subtraction with regrouping, multiplication,
division, fractions, zero and infinity, proportion, variables and solving equations, theory and proof, slope and graphing.



The interviews were tape-recorded and transcribed. Drawing from careful substantive andyses
of each interview question, a set of response categories was created for each one. These categories
were modified in the course of analyzing the data to accommodate better the kinds of responses people
gave. Summary andytic tables for each question were condructed. Most questions were
cross-analyzed on severd dimensions.  subject matter understanding, ideas about teaching, learning and
the teacher's role, and fedlings or attitudes about mathematics, pupils, or sdif.

Three purposes underlie the examination of prospective teachers substantive knowledge of
divison--one of the foca topics of the sudy: (a) to provide a portrait of the understanding of divison
held by these 19 students; (b) to illustrate an approach to the examination and analysis of teachers
substantive knowledge of mathematics, and (c) to chalenge common assumptions about subject matter
knowledge and the preparation of mathematics teachers.

Examining "'Subject Matter Knowledge™*

Subject matter knowledge, athough attracting increased attention (Shulman, 1986), is presently
mired in a morass of differing conceptions and definitions (Ball, in press-b). This paper deds directly
with one aspect of prospective teachers subject matter knowledge--substantive knowledge--and, more
subtly, with a second--their knowledge about mathematics.  Substantive knowledge refers to
understandings of particular topics, procedures, and concepts, and the relationships among these (Davis,
1986; Hiebet and Lefevre, 1986; Skemp, 1978). Knowledge about mathematics includes
understandings about the nature of knowledge in the discipline--where it comes from, how it changes,
and how truth is established; the reative centrality of different ideas, as well as what is conventiond or
socialy agreed upon in mathematics versus wheat is necessary or logical.”  The results discussed below
show that people's assumptions about the nature of mathematical knowledge shape their understandings
of and approach to the subject. The prospective teachers substantive knowledge was anadlyzed adong
three quditative dimensions. (@) truth value; (b) legitimacy; and (¢) connectedness.

®Schwab (1961/1978) refers to these kinds of understandings as knowledge of the substantive and syntactic structures of a
discipline--in this case, mathematics.



Truth Value

In the work reported here, at different times, the terms "knowledge," "understanding,” "belief,"
and "ided" are used to refer to what the prospective teachers "knew." Some prospective teachers, for
instance, think that 7 . 0= 0, that squares are not rectangles, and that doing mathematics means adding,
subtracting, multiplying, and dividing (Ball, 1988). They believe these "facts' to be true and treat them
as knowledge. At the same time, the truth value of prospective teachers ideas must be an important
criterion for appraising their subject matter understandings for, as teachers, they will be responsible for
helping their pupils acquire disciplinary knowledge. Truth vaue, means in pat, mathematical
correctness.

Correctness, however, is a dippery idea in mathematics. Resnick and Ford (1981) specify
correctness to be that which is "defined by the consensus of mathematicians' (p. 206). Although it
seems reasonable, this definition ignores two critical issues.  First, mathematicians do not reach
consensus on some questions.  And second, ideas are not absolutely true in mathematics (Davis and
Hersh, 1981; Kline, 1980). Often they depend on the particular context. Furthermore, even some ideas
about which many mathemdticians agree are ultimately fdlible (Lakatos, 1976). Having "correct"
knowledge, therefore, entails knowing the conditions and limits of an idea Pardld lines never
meet--but this "fact" is not true in non-Euclidean geometry. First-grade teachers may tell pupilsthat O is
the smallest number or that 3 isthe next number after 2--but these ideas are true only if the domain isthe
counting numbers.

Thus, mathematica correctness depends on the qualifications placed on its truth va ue’ In
teaching this is additionaly important, for pupils developing understandings often follow the historica
evolution of mathematics. Ninth graders operating in the domain of rational numbers, for example, are
likely to believe that there is no "smalest number” and "next number" after 2. Does this make the first
graders wrong if they believe that 3 comes after 2? And what if a pupil makes an assertion that presses
on the boundaries of the current domain? Suppose afirst grader clamsthat 2¥2is the next number after
2? Epigemologicd dilemmas such as this one arise in everyday teaching; figuring out how to dedl with
them is centrd to teaching mathematics for understanding. In order to be able to decide how to
respond, teachers own understandings of mathematics must be gppropriately qudified. Therefore, for
the first criterion in assessing the correctness of teacher candidates knowledge, | dso gppraised the
degree to which, where needed, they qudified their idess.

®The term qualification has been borrowed and adapted from Wilson (1988). Writing about subject matter knowledge in
history, she refers to the ways in which historians limit, or qualify, their claims as "qualification." The particular aspects of
qudification that she focuses on--contextualization and the underdetermined nature of historical knowledge--are specific to
history. They offer an interesting contrast with the aspects central to mathematical knowing: the relationship of validity to
context and fallibility (see Wilson and Ball, in preparation).



Legitimacy: Justification and Explanation

Knowledgeis aso not an dl-or-nothing matter (Nickerson, 1985). What does one say about the
knowledge of a person who saysthat "you can't divide by zero"? Thisistrue, but of interest hereisaso
how he understands it--as an arbitrary "fact" or as a logica consequence of other mathematical ideas
and principles. He may, by way of explanation, say that "it's just one of those things you have to
remember,” "zero can't do anything to a number,” or "it's undefined.” Or he may prove his assertion by
comparing divison by O to divison by 2 or by usng the inverse rdationship of multiplication and
divison. Each case would reved dgnificantly different things about his understanding of division by
zero aswell as his notions about mathematics.

Using Scheffler's (1965) definition of knowledge as "judtified true belief,” the role of judtification
as adimension of understanding is discussed next. To get below the leve of right answers, uncovering
what people know in mathematicsis an endeavor fraught with practical and conceptua difficulties. Not
the least of these is the problem of inferring what people understand from what they do or say. The
assumption that people understand the underlying principles of procedures that they have learned to
perform is questionable (Hatano, 1982). One math mgor reflected when he tried to explain the basisfor
the algorithm for multiplying multidigit numbers, "I absolutely do it by the rote process--1 would have to
think about it". Not clear, however, was whether he had ever understood the underlying principles of
multiplication--and had smply forgotten them--or whether these were never known, never
consdered--and would therefore have to be figured out or learned.  Certainly many children and adults
go through mathematical motions without ever understanding the underlying principles or meaning.
How many people, for example, can say why "cross-multiply and divide' works? They smply do it;
their knowledge is, however, adgorithmic and unwarranted; that is, they believe that it is true or right,
but are unable to judtify it mathematicaly. Of course, some mathematical understanding may be tacit.
Successful mathematicians can unravel perplexing problems without being able to articulate al of what
they know. Not unrelated to Schon's (1983) "knowing-in-action,” the mathematicians work reflects
both tacit understanding and intuitive and habituated actions (Noddings, 1985). Experts in many
domains, while able to perform skillfully, may not dways be able to specify the components of or bases
for their actions. Their activity nevertheless implies knowledge.

The math mgor unable to explain why the numbers move over in the partid products in the
multiplication adgorithm may know, at some leve, that multiplying by the"2" in

51
x24

is to multiply by 20. If adl he does, however, is produce the correct answer--1,224--and if dl his
explanation consgts of is to say is that "you have to line it up under the 2 because that's what you're



multiplying by," then the extent to which he does or does not understand the meaning is unclear.

Analyzing people's knowledge is of course complicated by the extent to which they are able to
articulate or otherwise access that knowledge. Tacit or buried knowledge, whatever its role in
independent mathematical activity, however, is inadequate for teaching. In order to help someone ese
understand and do mathematics, being able to do it onesdf is not sufficient. A necessary levd of
knowledge for teaching involves being able to explain mathematics and to be able to access those
explanations when needed.

Explanations of mathematics entail more than repesting the words of mathematical procedures
or definitions. The statement, for example, that you "carry the 1" is not a mathematica explanation of
regrouping in addition; neither, by itsdlf isthe statement "7 0 isundefined." To explain mathematicsis
to focus on the meaning, on the ideas and concepts. To explain isto say why, to justify the logic, or to
identify the convention. Being able to explain mathematics is essential knowledge even for teachers
who do not teach mathematics in a show-and-tell mode, for explanation requires explicit understanding,
not just remembering or doing. In order to facilitate students construction of mathematical
understanding, teachers must select fruitful tasks, ask good questions, and judge which student ideas are
most worth pursuing. All of these demand principled and warranted knowledge of mathematics:
explicit recognition and understanding of underlying ideas. Mathematica explanation, necessarily
grounded in meaning, represents the kind of legitimate knowledge needed to teach students to
understand. Consequently, legitimacy is used as a second criterion for appraising the quality of
prospective teachers subject matter understandings.

Connectedness

A third quditative dimenson of mathematical knowledge relates to the connections among
ideas. However well explained or correct, mathematica knowledge is not a collection of disparate facts
and procedures. Connections exist a multiple levels between and among ideas. Smaller ideas belong to
various families of larger concepts; for example, decimas are related to fractions as well as to base ten
numeration and place value. Topics are connected to others of equivadent size; addition, for ingtance, is
fundamentally connected to multiplication.  Elementary mathematics links to more abstract
content--algebra is a first cousin of arithmetic, and the measurement of irregular shapes is akin to
integration in caculus. Mathematical ideas can be linked in numerous ways, no one right structure or
map exigs.

In the school mathematics curriculum, however, mathematics is delivered in compartments
separated in time and meaning.  Even content taught within the same grade or course is often
fragmented; rarely are students encouraged to make connections among the ideas they encounter in
school. The standard school mathematics curriculum trests mathematics as a collection of discrete bits



of procedural knowledge. So extreme is this fragmentation traditionally that, for instance, two-digit
addition istaught at a different time than is three-digit addition; addition prior to subtraction.

This tendency to compartmentaize mathematical knowledge substantialy increases the cognitive
load entailed in knowing and using mathematics. Each idea or procedure seems to be a separate case.
Each requires a different rule, dl of which must be individualy memorized and accessed. "Knowing'
mathematics is eadly reduced to the sensdless activity of a "wild goose chase’ after right answers
(Erlwanger, 1975). The connections that students make affect the integration and accessbility of their
knowledge (Greeno, 1978).

In addition to making it harder to learn, treating mathematics as a collection of separate facts and
procedures aso serioudy misrepresents the logic and nature of the discipline to sudents. Convention is
blurred with deduction; invention and argument do not figure in classroom discourse or in the outcomes
of ingruction (Ball, 1988; Lampert, 1988). If teachers are to bresk away from this common approach
to teaching and learning mathematics and teach for understanding instead, they must have a connected
rather than a compartmentalized knowledge of mathematics themsalves. They must have a sense of the
dynamic of mathematical knowing as well as of the datic of the body of accumulated knowledge
(Romberg, 1983). Therefore, the third criterion used in analyzing prospective teachers knowledge was
the degree to which they seem to make explicit connections among idess.

Knowledge of Division

Why focus on divison? Mathematics educators despair at the fact that children spend the better
part of fourth and fifth grade "in" divison--being trained to do what a $5 machine can do faster and
more accuratdly (Schwartz, 1987). They urge teachers to emphasize divison less, especidly long
divison, and to teach better mathematical content instead.

Stll, the concept of divison is a centrd one in mathematics a al levels and it figures
prominently throughout the K-12 curriculum. Furthermore, divison is worthwhile content for what
students can learn about rational and irrational numbers, about place value, about the connections
among the four basic operations, as well as about the limits and power of relating mathematics to the
redl world. For these reasons, as well as the fact that students aso often have difficulty learning it,
division isatopic about which teachers should have true, legitimate, and connected knowledge.

In order to examine the connectedness of teacher candidates knowledge of divison, three
different mathematical contexts were chosen: divison with fractions, divison by zero, and divison with
algebraic equations. These contexts, because they are separated in time and meaning by the school
curriculum, do not appear obvioudly connected to teacher candidates. Y et divison isthe conceptua key
to each. The kinds of tasks posed aso invited the teacher candidates to display explicit conceptud
understanding: They were asked to explain and to generate representations.



In order to help the reader appraise the prospective teachers knowledge a brief discusson of
divison and its meaning in each of the three contexts is presented. This discusson aso illusirates the
three dimensions of substantive knowledge.

At its foundation, divison has to do with forming groups. Two kinds of groupings are possible:

1. Forming groups of a certain size (e.g., taking a class of 28 students and forming
groups of 4). The problem is how many groups of that Sze can be formed? Thisis
sometimes referred to as the measurement mode of division.

2. Forming a certain number of groups (e.g., taking a class of 28 students and forming 4
groups). The problem is to determine the size of each group. This modd is sometimes
referred to as the partitive modd of division.

Consder atypical division statement with whole numbers, suchas7 | 2. What does this mean? It may
represent one of two kinds of stuations:

1. | have 7 dices of pizza. If | want to serve 2 dices per person, how many portions do
| have? (Measurement interpretation--Answer: 3Y2 portions)

2. | have 7 dices of pizza. | want to split the pizza equally between 2 people. How
much pizzawill each person get? (Partitive interpretation--Answer: 3Y2 dices)

Notice that because these two stuations represent two different meanings for divison, the referent for
3isdifferent in the two cases. In the first dtuation, the answer isanumber of portions (the size of the
portion was dready decided); in the second, the answer is a number of dices per portion (the question
was how large each portion would be). In each case, multiplying the result (3'2) by the number used to
divide the origind totd yieldsthat total (3%2x 2=7).

Remembering to "invert and multiply"--that is, to invert the divisor and multiply it by the
dividend--is the traditiona way of knowing divison with fractions. A typica sxth-grade textbook page
introducing divison of fractions says smply, "Dividing by a fraction is the same as multiplying by its
reciprocal.” Little attention is given to the meaning of divison with fractions and no connections are
made between divison with fractions and divison with whole numbers. Each is treated as a specid
cae.

Dividing by fractions is not different conceptudly from dividing by whole numbers, however.
Suppose, for example, that you owe afriend $100 and must repay the money without interest. Y ou can
explore how long it would take to repay this debt, given different payment amounts. If you pay $2 per
week, it will take you 50 weeks. This can be formulated mathematically as 100 | 2 = 50 (and 50 weeks



x $2 = $100). Now, consider how long it will take you if you repay at arate of 50 cents per week: 50
cents = Y2 dollar, so this option can be expressed as 100 | Y2 It will take 200 weeks to repay the debt
(200 x .50 = $100).” Since division with fractions is most often taught agorithmically, it is a strategic
gte for examining the extent to which prospective teachers understand the meaning of divison itsalf
(Davis, 1983).

Division by zero, the second case of division explored in this study, is dso no more complicated
than divison with other rationd numbers. The result, however, is different. Extending the debt
example, suppose you owe $100 and want to know how long it will take you to repay your debt if you
make payments of $0 per week. What is 100 | 0? Obvioudly you will never repay your debt at that
rate--you will be indebted forever. There is no solution to your indebtedness if you choose to repay in
ingtdlments of $0. Going one step further, there is no number of weeks that you can multiply by $0 and
come up with atota of $100. Yet, in the earlier examples, the answer could dways be multiplied by the
divisor and equd the original total. Divison by zero is undefined: It has no solution that fits sensibly
within the meaning of division and its relationship to multiplication.

The third context in which teacher candidates knowledge of divison was looked at was in
agebraic equations. The equation x/0.2= 5 gives information that permits one to identify the correct
vaue for an unknown number, denoted as x. In common language, the equation says that when one
divides this unknown number by .2, one gets 5 as the answer. Knowledge of divison makes clear what
this means. that there are five groups of two-tenths in the number, or that the number is 2/10 of 5.
Reasoning conceptudly about divison in this way alows one to identify the number without performing
any manipulations on the equation. The answer is 1 since 1 can be divided into five groups of 0.2; 0.2
"goesinto" 1 5times.

Knowledge of Division in Division By Fractions

To learn about teacher candidates knowledge of divison, they were asked to develop a
representation--a story, amodel, a picture, areal-world situation--of the divison statement 1 3/4 | %
The traditional algorithm for dividing fractions that most students learn in school is "invert and
multiply”--that is, invert the divisor and multiply it by the dividend. In addition, any mixed numbers
must be converted to improper fractions. 13/4 | %2becomes 7/4 x 2/1. Multiplying the numerators and
denominators produces 14/4, which should be expressed as 3%

An appropriate representation should show that the question is "how many ¥Zs are there in 1

3/4?" For example:

A recipe cdls for %2 cup butter. How many batches can one make if one has 1 3/4 cups
butter? Answer: 3%z batches.

"It is worth noting that the procedure "invert and multiply" is not unique to dividing with fractions. For instance, 6 L2
yields the same result as 6 x ¥2 (where one has inverted the 2 and multiplied the result by the dividend). Yet rarely, if ever, is
this made explicit to pupils.

10



Why? Because there are 3%2 ¥2-cup portions of butter in 1 3/4 cups of butter. This story makes clear
the referent for the answer 3%>-it refersto 3%2 halves.

The prospective teachers--the eementary candidates as well as the secondary students who were
mgoring in mathematics--had significant difficulty with the meaning of divison with fractions. Few
elementary or secondary teacher candidates were able to generate a mathematicaly appropriate
representation of the divison. These results fit with evidence from other parts of the interview that
suggested that their substantive understanding of mathematics tended to be both rule-bound and
compartmentalized. The teacher candidates responses were categorized as appropriate, inappropriate,
unable to generate a representation (See Table 1 for the digtribution of responses by eementary and
secondary teacher candidates).

Table 1

Divigion by Fractions: 1 3/4 + 1/2

Teacher Candidates (N=18)

Elementary | Secondary TOTALS
Appropriate
representation 1] 5 5
Category Inappropriate
of representation 3 2 5
Rasponsge
{nabkle to
Eenerate a b 2 8
representation
TOTALS 9 4

Appropriate representations. Five secondary teacher candidates were able to generate a

11



completely appropriate representation of 13/4 Yz However, this did not come easily to any of them.
For example, Terrdl first said he couldn't "think of anything specific." Then he said he would use pizza:

If you took the pizza and took one haf of a pizza and you took a whole pizza and three
quarters of a pizza[that would be one and three quarters]. You put the half of the pizza
on top of each piece. So first you'd take the whole pizza and you'd put it on top of it.
Then youd take that off, whatever it fits on and you'd do it again. Only take it off if it
fits the whole thing, if . . . both pieces are equa. Then you go through the haf a piece
and do the same for that. Take that off. Then you get that last piece and you . . . wdll,
that'stheway I'd explainiit.

Terrell then explained what the answer (3%2) meant in this context:

Youd take the haf and the answer would be how many times you got a whole half (if
you want to say that). Of the. .. whatever's left over, what part of it is of the half, |
guessyou could say. You'd have aquarter left, which is hdf of ahalf.

While sometimes rather confusng to follow, these prospective teachers responses did make
mathematica sense. Their answers indicated that they did think in terms of how many haves there are
in one and three-fourths. These students were in the minority, however.

Inappropriate representations. Five teacher candidates generated representations that did not
correspond to the problem. The most frequent error was to represent division by 2 ingtead of divison
by Y. For example, Barb, a mathematics mgor, gave the following story:

If we had one and three-quarters pizzas left and there were two of us dying to split it,
then how would we be able to split that?

Answering her own questions, she said each person would get 7/8 of a pizza dtogether. This
error--representing divison by 2 rather than divison by ¥2-was the most common error among the
students.

However, Allen, an dementary mgor with 27 credits in college mathematics (through calculus)
had a different problem than that of the other teacher candidates:

Somebody has one and three quarter apples or something like that and they wanted
to. .. double the amount of apples they have. .. just give 'em an equation... usng
only fractions. Other than that | couldn't think of any dtuation where you
could. . . logicdly divide a number like that by one haf insead of just multiplying by
two. You would have to...be working on dividing like fractions and setting up
equations using that. Right, you just have to say. ... "Wél, you know, use this and

12



figure the story problem out but, only use fractions.”

Allen's story modeled 1 3/4 x 2--the procedure used to divide fractions. Using the frame of reference of
the procedure "invert and multiply,” Allen did not seem to focus on the concept of division by 7.

The teacher candidates comments showed that they saw the question as one about fractions
instead of about divison. When asked, for example, what made this difficult, most commented that it
was hard (or impossible) to relate 1 3/4 | Y2 to redl life because, as one said, "You don't think in
fractions, you think more in whole numbers.” Not only did their explanations reved that they framed
the problem in terms of fractions, but aso that many were uncomfortable with fractions as red
quantities. Several commented that they didn't "like" fractions. The prospective teachers also tended to
confuse dividing in haf with dividing by one-half and they did not seem to notice the difference even
though the answer they got to their story problem (7/8) differed from their calculated answer (3¥2).

The teacher candidates did not notice this discrepancy because it was masked by a dippery
change in the referent unit from wholesto fourths. Hereisatypical example of the way they reasoned:
Suppose you have 1 3/4 pizzas which you want to split equally between two hungry teenagers (1 3/4 |
2). Each pizzaisdivided into 4 pieces, so you have 7 pieces. Therefore each person gets 7/8 of apizza,
which is 3% pieces of pizza However, to divide something in haf means to divide it into two equa
parts (, 2); to divide something by one-haf means to form groups of .

The teacher candidates error may have resulted from a common but troublesome confounding
of everyday language with mathematical language. Orr (1987) writes about the mismatches between
linguistic and mathematica use of prepostions. In this case, "6 divided into 2" can mean two things:

six divided into two parts-(2|6 )--or Six into two--(g|2 ). Awareness of such confusions is essential
for teachersif they are to help their pupils understand mathematics.

Stumped. Eight teacher candidates could not generate any representation, correct or incorrect,
for 13/4 Y. Marsha, for example, said she felt stuck and couldn't even remember how to get the
answer (i.e., through computation). She explained that she hadn't done this since high school:

| don't know what I'm remembering here that | did, | found the common denominator
and | did this, but | think what | haveto doisgo 4 and 1, 4 and then plus 3 is 7, fourths,
no | think that'swhat | did, one-half, but then, see, | don't know what | need to divide. |
don't even remember that. . . . | remember doing these for along time though and trying
to get these down, and so | remember bits and pieces and then | try to apply it generally,
and | can'tdoit.
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The prospective teachers who did not generate a representation at al seemed to fall into two
groups. In one group, some did recognize the conceptua problem. They initidly proposed stories or
models which represented divison by 2 and then redlized this themsdves. Others, however, seemed to
think that it was not afeasible task, that 1 3/4 | %2 could not be represented in red world terms. On one
hand, those who recognized the conceptua issue (that this was about divison by ¥, which is not the
same as divison by 2) revealed a better grasp of the idea than those who constructed a story that
represented divison by 2. Still, despite this recognition, they were unable to figure out what divison by
% meant. On the other hand, those who thought it was an impossible task revedled a view of
mathematics as a sensaless activity, out of which meaning cannot necessarily be made.

The teacher candidates’ understanding of division in division by fractions. Although few
of the prospective teachers even mentioned division explicitly while talking about the fractions exercise,
the difficulties al of them experienced (including those who succeeded in generating an gppropriate
representation) suggest a narrow understanding of divison. While they worried about the fractions in
the problem, they aso only considered divison in partitive terms. forming a certain number of equa
pats. This modd of divison corresponds less easly to divison with fractions than does the
measurement interpretation of divison.

In a study of preservice dementary teachers understanding of divison, Graeber, Tirosh, and
Glover (1986) found that teacher candidates tended to think only in terms of this partitive interpretation.

Few of the preservice teachers in their sudy were able to write story problems that modeled a
measurement interpretation of divison. This finding offers another inaght into why the task of making
meaning out of 1 3/4  Y2was so difficult for the prospective teachersin this study.

Knowledge of Division in Division by Zero

The teacher candidates understanding of division was explored with a question about divison by
zero. While some might argue that this question deals with an esoteric little bit of mathematics, |
contend that it deals with four important ideas in mathematics: division, the concept of infinity, what it
means for something to be "undefined,” and the number zero, al sgnificant mathematical content.
Prospective teachers responses depended on their understanding of the specific content at hand as well
as of mathematicad knowledge and mathematicad ways of knowing. When they are explaining, their
responses reved the legitimacy of their knowledge. What they focus on aso provides information about
what they think counts as an "explanation” in mathematics.

Truth and legitimacy. Of the 19 teacher candidates, 5 explained the meaning of divison by
zero. Most of the prospective teachers responded by stating arule, 5 of which were incorrect. Two did
not know. (See Table 2 for the distribution of types of responses.)
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Table 2

Division by Zero: 7+ 0

Teacher Candidates (N=19)

Elementary Secondary TOTALS
Meaning 1 4 5
corract 2 5
Category 12
Rule (7 correct,
of incorrect 5 0 3 incorrect)
Response
Don't know 2 0 2
TOTALS 10 9

Explanation: Focused on meaning. Four teacher candidates gave answers that focused on what
divison by zero means. Two approaches were used: (&) showing that divison by zero was undefined
and (b) showing that the quotient "explodes’ as the divisor decreases. Tim, a mathematics mgor, chose
the first gpproach, showing that division by zero was undefined he said that he would write 7 0 "in

mathematical form" on the board--that is, with the division bracket: 07 . Then hewould explain that

You cannot divide 7 by O because there is nothing multiplied by O to get 7. In other
words, everything multiplied by a 0 is 0, so if we had O divided by 7 there is nothing
multiplied, there is no number up here you could put to get 0. There's no number you
can put up hereto get 7. And | would show them that. Whereas 6 divided by 2 therésa
number you can put up there. And whenever you come across that case, you can't find a
number to put up there, it doesn't exist, you can't doit.
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Allen, an dementary mgjor, explained divison by zero using the second gpproach, showing how
the quotient explodes:

Dividing 7 by 3 and then divide 7 by 2 and then divide 7 by 1 and . . . when they get up
to 7 divided by 1 is 7 and you were to go one step farther, you'd have numbers what
were keep getting larger and larger. . . . One step farther you would have to. .. sy
divide it by O, because dividing by decimds or fractions of that type. ... Then you'd
dart, | guessit would be better to start getting closer to zero using the decimals and see
that dividing 7 by fractions makes numbers. . . keep getting larger and larger. . . . If you
keep making . . . the divisor closer and closer to O, the number's just gonna keep getting
larger and larger and larger. . . . Then I'd start asking them what the largest number they
can think of is so then, that there is no largest number that . . . thereisredly no. . . such
statement as 7 divided by O.

Tim and Allen both focused specificaly on the case of dividing by zero. What their answers had in
common was the am of showing why the particular case of divison by zero is impossble. Their
explanations were mathematica ones, not the "explanations’ used by many of the teacher candidates,
which conssted largely of restating rules.

"You can't divide by zero."" Seven teacher candidates explained divison by zero in terms of a
rule such as "you can't divide by zero." Unlike those who focused on meaning, these prospective
teachers did not try to show why thiswas s0. Instead they emphasized the importance of remembering
therule. Terrell, amathematics mgor, said emphaticaly,

I'd just say. . . . "It's undefined,” and I'd tell them that thisis arule that you should never
forget that anytime you divide by 0 you can't. You just can't. It's undefined, so. . . you
just cant.

He added, "Anytime you get a number divided by zero, then you did something wrong before” Andy,
another mathematics mgjor, said, "You can't divide by zero . . . it's just something to remember.” Cindy,
aso amath mgjor, said she would tell students that "this is something that you won't ever be able to do
in mathematics'--even in calculus.

""Anything divided by 0 is 0."" Five other teacher candidates responded in term of arule. Like
the progpective teachers quoted above, their notions of "explanation” in mathematics seemed to mean
restating rules. What made their responses different, however, was that the rule they invoked was not
true. Linda, an dementary mgor, was perhaps the most emphatic:

I'd just say, "Anything divided by 0is0. That'sjust arule, you just know it." Or I'd say,
"Wadll, if you don't have anything, you can't get anything out. Y ou know, it's empty, it's
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nothing. . . . "Anything multiplied by 0is0. I'd just say, "That's something that you have
to learn, you have to know." | think that'show | wastold. You just know it. . . . If they
were older and they asked me "Why?' I'd just have to stat mumbling about
something . . . | don't know what. 1'd just tell them "Becausel” (laughs). . . . That'sjust
one of those rules. .. something like in English. .. sometimes the C sounds like K
or...youjust learn, | before E except after C.

Interestingly, dthough Linda mentioned multiplication by zero, she doesn't connect that understanding
(n x 0 = 0) with the problem of dividing by zero. Like those who stated "you can't divide by zero,"
these prospective teachers all emphasized the absoluteness of the rule and the value of getting pupilsto
remember it. Explaining and knowing mathematics were reduced to stating rules (Ball, in press-a).
However, these teacher candidates did not redlize that what they were saying was not true.

"I don't remember.” Two prospective dementary teachers said they could not remember the
answer to 7 0. Me Ling said smply, "7 divided by 0? Isn't that--isn't there a term for the answer to
that? | can't remember.” Rache, who had taken alittle more math, more recently and more successtully
than most of the other elementary mgjors, was smply stumped by this question. "Seven divided by 0,"
shemused. "I'm having trouble. . . isthat O or isthat 7? I'm trying to think mysdlf.”

Teacher candidates’ knowledge about division by zero. Divison by zero comes up
frequently in college mathematics, math maors have had more and more recent experience with dividing
by zero than have nonmath mgors. As such, it was not surprising that the secondary candidates were
better prepared than their dementary counterparts to deal with this question, both in terms of providing
mathematical explanations and in terms of knowing the correct rule.  Stll, most of the teacher
candidates, whether right or wrong, whether focused on meaning or on rules, did not seem to refer to
the more genera concept of divison to provide their explanations. Instead they recognized divison by
zero as a particular case for which there was arule. Their explanations were Smply statements of what
they though to be the rule for this specific case. Furthermore, haf the el ementary candidates had the
rule wrong. Because they did not think about the meaning of division by zero, they did not monitor the
reasonableness of their answers.
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Knowledge of Division in Algebraic Equations

A third interview question provided yet one more angle on the teacher candidates understanding
of divison:

Suppose that one of your students asks you for help with the following exercise:
if x =5, then x=
0.2

How would you respond?
Why is that what you'd do?®

In agebra classes, students are taught procedures for "isolating x"--that is, for manipulating
equations o that the unknown quantity is on one side of the statement and a number is on the other.
This enables one to solve the equation, or figure out what number(s) x could be. For example, the
ubiquitous procedura script for solving the equation discussed aboveis.

You want to isolate X, so you want to get rid of the point 2 in the denominator.

Multiply both sides by point 2.
(2) x =5(2)
0.2

The point 2's cancel on the left side; 5 times point 2is 1. So x is 1.

Learning procedures such as these often seems to eclipse any focus on the meaning of the equations or
the numbers. Furthermore, referring to .2 as "point two" does not emphasize the meaning of the
number as two-tenths.

®This question was presented to elementary as well as secondary teacher candidates. Its function in the interview was to
extend the analysis of their understanding of division in different contexts. In other words, was division with fractions one
case, division by zero another, and division in algebra something yet entirely different again? Lest critics argue that this
content is too advanced for the elementary teacher candidates, | contend that it is not unreasonable to expect that teachers

whose Michigan teaching certificate will extend through eighth grade in all subjects should understand division in simple
algebraic equations.
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Scripts amilar to this one were what the teacher candidates produced in response to this
question. Overwhelmingly the teacher candidates "explained” it by restating the steps of procedures to
solve such equations. Only one prospective teacher talked about it in terms of what it meant, and afew
teacher candidates did not know how to do it at al. (See Table 3 for teacher candidates responses.)

Focus on meaning. Only one teacher candidate--an eementary maor--tried to talk about the
meaning of the equation. Sandi said that she would want the pupil "to understand what he's doing first."
She said she would help the pupil understand "the idea that the .2 has to go into x." While her
explanation was vague, she was trying to make sense of the problem by reasoning about division.

Focus on procedures. Fourteen of the prospective teachers, including al of the mathematics
magjors, focused on the mechanics of manipulating algebraic equations. Terrel, a secondary candidate,
sad

I'd explain that somehow you have to get this x by itsef without that .02, | mean
0.2...andthenl'dask her. .. I'd tell her somehow she's going to have to get rid of that
02.

Then he laughed sdf-conscioudy--"the complex math terms that teachers use, like "get rid of.™ The
other teacher candidates gave Ssmilar answers. They al talked about getting "rid of" the .2, isolating X,
and multiplying both sides by .2. They seemed to see the question as quite straightforward and smple,
unlike some of the other questions | had asked, probably because solving smple equations was
something they had done themsalves many times and they could, for the most part, remember how to do
it.

"I have no idea!"" Four eementary teacher candidates did not know how to solve the equation
themsalves. One was overwhelmed at the prospect of having to help a student solve an equation such as
thisone. "Oh, my God!" she exclamed when | presented her with the question. She said she had no
idea, dthough she knew "there's steps that you go through to do it." Another said she hadn't "done
these" in s0 long that she just couldn't remember.

All four of the teacher candidates who could not solve the equation attributed it to not having
done agebra problems in a long time and not being able to remember the procedures for solving
equations such as this one. The only difference between these teacher candidates and the 14 who
focused on procedures was that these 4 could not remember the procedures. However, like the 13, they
did not focus on the meaning of the mathematica statement.
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Tahle 3

Division in Algebraic Equations: —g“z— =5
Teacher Candidates (N=19)
Elementary | Secondary TOTALS
Meaning 1 O 1
Category
of Procedure 3 9 14
Response
Don' t Enow & ¥ F
TOTALS 10 4
Table 4
Summary: Qualitative Dimensions of the Prospective
Teachers’ Knowledge of Division
Truth Lepitimacy |Connectedness
Value
& 0 4]
Mvision of Fractions & 5 1
12 5 1
3 1 o
Division of =zero g 4 1
12 5 1
L 1
Divisien with algebraice 9 4]
equations
15 1 ' 0

Note: Numbers are out of a possible total of 19; cach cell is tabulated independently. Numbers in inserts
represent distribution of responses by elementary and secondary teacher candidates: B/S.
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Summary: The Prospective Teachers' Knowledge of Division

Table 4 summarizes the teacher candidates understanding adong the three quditative dimensions
of substantive knowledge: truth value, legitimacy, and connectedness. Many more students were able
to gave answers that were correct (e.g., "Divison by zero is undefined") than were able to explain those
answers legitimately (e.g., to explain what it means for something to be "undefined"--beyond "you can't
do it"). In only a couple of cases was there clear evidence that students knowledge of divison was
connected across the three contexts. And a significant number of students did not even produce correct
answers. Although the three interview questions dl dedlt with division, the teacher candidates did
not focus from case to case on the concept of divison. Instead, most of them responded to each
question in terms of the specific bit of mathematical knowledge entailed--division of fractions, divison
by zero, solving dgebraic equations involving divison. For dl three questions, the prospective teachers,
both the mathematics mgors and the eementary candidates, tended to search for the particular
rules--"you can't divide by 0" or "get rid of the denominator"--rather than focusng on the underlying
meanings of the problems presented. There are two possible influences on these findings.

Confounding of remembering and understanding. Why were the teacher candidates
responses so overwhelmingly fact and rule-oriented? Was the preponderance of procedural answers
influenced by the nature of the questions themselves? Two of the questions--divison by zero and
divison in agebraic equations--were formulated in such a way that teacher candidates could smply
retrieve the correct piece of information (e.g., "divison by zero is undefined”), as it was taught, from
mathematics memory storage. These two questions examined "conventionaly packaged” pieces of
knowledge--knowledge that the teacher candidates had been taught in school. If they could remember
the necessary piece, they could answer each question by stating the rule. In fact, many of them equated
remembering with knowing.

One might argue that nothing in ether question compelled them to talk about meaning, nor
encouraged them to access legitimate explanations, however, both questions did ask the teacher
candidates how they would respond to a pupil who raised that question. The dominance of procedura
answvers would suggest that the prospective teachers favored giving pupils rules to accept and
remember, rather than conceptua explanations. However, there was substantial evidence in ther
responses across the interviews that the teacher candidates wanted to give the pupils more meaningful
answers but could not do o, that their subject matter knowledge, lacking mathematical legitimacy, was
insufficient to act on that commitment. One of the math mgors redized this and commented (about
divison by zero), "I just know that...l dont redly know why...it's dmost become a
fact . . . something that it'sjust there."

When answering the questions, many of them agonized over not having a "concrete example'
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or not knowing why something was true. One of the math mgors, for example, in answering the
divison by zero question, said she "would hate to say it is one of those things that you have to accept in
math" but that she might have to in this case if she couldn't think of a concrete example. Another
laughed wryly a himsdlf for using the phrase "get rid of the denominator,” but did not have accessible
any aternative ways of understanding. The answers the teacher candidates gave--rules--were what they
understood, what they remembered from what their teachers said.

Moreover, some of the teacher candidates could not remember the rules at all. Once forgotten,
rules are not easily retrievable without the concepts to support them (Hiebert and Lefevre, 1986). Mere
remembering only serves one wdll in digplaying mathematica knowledge--until one forgets, that is. The
prospective teachers knowledge seemed founded more on memorization than on conceptual
understanding. The secondary teacher candidates, having had more (and more recent) opportunities to
maintain their inventory of remembered knowledge, were therefore more likely to have something to
say, lesslikely to draw a complete blank.

Fragmented understanding. The prospective teachers focus on the surface differences among
the three cases of divison suggests that their understanding comprised remembering the rules for
gpecific cases, not a web of interconnected idess. Evidence for this is especidly clear in the teacher
candidates efforts to generate representations for 13/4 | %2 This task, unlike the other two division
questions, did require them to do more than reproduce what they had been taught. Divison with
fractions is rarely taught conceptually in school; most of the prospective teachers probably learned to
divide with fractions without necessarily thinking about what the problems meant. Indeed, most of them
could carry out the procedure to produce the correct answer--a task that required them to remember
and usetherule "invert and multiply.”

Yet, when they tried to generate a representation for the statement, most of them either
represented 1 3/4 | 2 or couldntdoit a al. Only 5 out of the 19 teacher candidates talked about "how
many havesarein 1 3/4." The results for this question suggest that, in dmost al cases, the prospective
teachers understanding of divison with fractions conssted of remembering a particular rule and was
unattached to other ideas about divison. The results for the other two questions (divison by zero and
divison in algebraic equations) are consstent with this interpretation. It is not surprising that these
students concelved of mathematics in thisway. The standard school mathematics curriculum, to which
mogst prospective teachers have been subjected, treats ideas as discrete bits of procedural knowledge, a
point worth noting for it underscores what prospective teachers bring and what they, in many cases,
must overcome in learning to teach even "smple' concepts like divison.
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Prospective Teachers' Substantive Knowledge of Mathematics:
The Need to Confront Common Assumptions

Examining prospective teachers substantive knowledge of mathematics raises serious questions
about subject matter preparation for mathematics teaching. | return to the three assumptions with which

this paper opens.

First Assumption:
Traditional School Mathematics Content Is Simple

To assume that the content of first-grade mathemeatics is something any adult understands is to
doom school mathematics to a continuation of the dull, rule-based curriculum that is so widdy
criticized. Throughout the interviews, many college students, including people who were mgoring in
mathematics, had difficulty working below the surface of so-called smple mathematics.  Although they
could perform the procedures, they seemed to lack warranted understanding of the content.

Close andyses of the mathematics entailed in divison of fractions, of zero, and in algebra show
that elementary content, if taken serioudy, is anything but ample. Duckworth (1987) refers to the
"depths and perplexities of dementary arithmetic’ and in her writing, as wel as in Lampert's (1985,
1986, in press), the "smple’ content of the school curriculum is opened up and its mathematical
complexity reveded. Teacher educators may be able to convince prospective teachers that "teaching for
conceptua understanding” should be the god. However, without revisting the "smple" mathematical
content they will teach--to revise and develop correct understandings of the underlying principles and
warrants, of the connections among ideas--prospective teachers may be wholly unprepared to do more
than teach "invert and multiply."

The Second Assumption:
Elementary and Secondary School Math Classes
Can Serve As Subject Matter Preparation for Teaching Mathematics

The findings discussed in this paper challenge the assumption that prospective teachers school
mathematics education can congtitute sufficient subject matter preparation for teaching. In order to
respond to the interview questions and tasks, the teacher candidates drew on what they had learned in
school. When they did this, seeking particular mathematical concepts, procedures, or even terms, they
typicaly found loose fragments--rules, tricks, and definitions--without warrants and unconnected. Most
did not find meaningful understanding, nor even the "stuff" to figure out such understandings on the
spot.

While troubling, these results should not be surprisng. The widely criticized agorithmic
knowledge fostered in many math classsooms is well documented (eg., Davis and Hersh, 1981,
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Erlwanger, 1975; Goodlad, 1984; Madsen-Nason and Lanier, 1987; Wheder, 1980). Recent results of
the Nationd Assessment of Educationa Progress (Dossey, Mullis, Lindquist, and Chambers, 1988)
suggest that many students do not develop deep and principled understandings of mathematics; the
achievement data on 17-year-oldsis particularly darming. The findings here smply reinforce what these
data ought to suggest: that relying on what prospective teachers have learned in their precollege
mathematics classesis unlikely to be adequate for teaching mathematics for understanding.

The Third Assumption:
Majoring in Mathematics Ensures Subject Matter Knowledge

| have been finding narrower differences in substantive understanding of mathemeatics between
elementary and secondary teacher candidates than one might expect (or hope). The latter, because they
are math mgjors, have taken more mathematics and do know more stuff--that is, they get more answers
right (athough they also are wrong a significant amount of the time). Still, their additional studies do
not seem to afford them subgtantial advantage in explaining and connecting underlying concepts,
principles, and meanings.

Some andysts propose thet this is due largely to the poor academic cdiber of teacher education
students (see Lanier, 1986, for a refutation of this common assertion). However, interviews conducted
by researchers at the Nationa Center for Research on Teacher Education with mathematics magors who
are not planning to teach do not support this suggestion. These math mgors, too, struggle with making
sense of divison with fractions, connecting mathematics to the real world, and coming up with
explanations that go beyond the restatement of rules. Furthermore, most of the secondary teacher
candidates in this sudy were good students, with impressive college entrance exam scores and high
grade point averagesin their college math courses.

A more plausble explanation for the problems experienced by the math mgors is that even
successful  participation in traditiond math classes does not necessarily develop the kinds of
understanding needed to teach if, as is often the case, success in these classes derives from memorizing
formulas and performing procedures. Moreover, studying calculus does not usudly afford students the
opportunity to revisit or extend their understandings of arithmetic, algebra, or geometry, the subjects
they will teach. Requiring teachers to mgor in mathematics, or even increasing the mathematics course
requirements for prospective teachers, both currently advocated, will not necessarily ensure increasesin
their substantive understanding.

Conclusion
Although subject matter knowledge is widely acknowledged as an essentid component of
teacher knowledge, the subject matter preparation of teachersis rarely the centra focus of any phase of
teacher education. Instead, everyone is willing to assume that it will happen somewhere else: prior to
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college, in liberd arts classes, from teaching. What we are learning about the understandings of
mathematics that prospective teachers bring with them to teacher education suggests the danger of
assuming that subject matter preparation will indeed happen "somewhere ese' and points to the need to
make it a central focus. Doing that requires not only changes in emphasis shce much mathematics
teaching does not produce the kind of understandings of mathematics that teachers need. Attending
serioudy to the subject matter preparation of elementary and secondary math teachers implies the need
to know much more than we currently do about how teachers can be helped to transform and increase
their understandings of mathematics, working with what they bring and helping them move toward the
kinds of mathematical understanding needed in order to teach mathematics well.
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