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Over thepast decade, variousreportshaveiden-

tified seriousdeficienciesinmathemati cseduca

tionintheUnited States(Mathematical Sciences

Education Board, 1989 & 1990; M cKnight, et

al., 1987, Nationa CommissiononExcellencein

Education, 1983). TheNationa Council of Teach-

ersof Mathematics(NCTM) respondedtocalls

forreformwiththepublicationof the Curriculum
and Evaluation Standards(1989) andthe Pro-
fessional Standardsfor Teaching Mathemat-
ics (1991). In these documents the NCTM

presents a vision of mathematics education

groundedinthreeareas. cognitive psychol ogy,

philosophy of mathematics, and how mathemati-

cians do mathematics. In the classrooms the

Standardsdescribe, teachersare:
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»  Selecting mathematical tasks to engage students’
interestsand intellect;

*  Providingopportunitiesto deepentheir understand-
ing of themathemati csbeing studied anditsapplica-
tions,

»  Orchestrating classroomdiscourseinwaysthat pro-
motetheinvestigation and growth of mathematical
ideas,

Using, and helping students use, technology and
other tool sto pursuemathematical investigations;

»  Seeking, and hel ping students seek, connectionsto
previousand devel oping knowledge;

*  Guidingindividua,small group,andwhole-classwork
(NCTM,1991,p.2).

Many teacher educators have argued that el-
ementary teachersaspiring to meet such stan-
dardswouldrequiresubject matter knowledge
that differsasmuchinkindasindegreefromthat
which most now appear to possess(Ball, 1992;
Bal & Wilson,1990; McDiarmid, 1992; Shulman,
1986). They assert that teachers’ knowledgeis
suspectinthreeareas: knowledgeof thecontent
of mathematics, knowledgeabout thenature of
mathemati cs, and attitudetoward mathematics.

First, somemathemati cseducatorsquestionwhat
prospectiveteacherslearn of thecontent of math-
ematicsasstudentsinelementary and secondary
schools. AsBall (1990a) pointsout, their under-
standing of mathematicsisoften procedural and
fragmented. Theprospectiveteachersthat Ball
studiedwereableto solveproblemsby following
standard algorithms. However, they wereunable
toexplainmeaningfully themathematical reason-
ingwhichlay behindthosealgorithms. They did
not seem ableto connectinacoherent way the
variousbitsof mathematical knowledgethey had
accumul ated. EvidencefromtheNational Center
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for Research on Teacher Education’s (1991)
Teacher Educationand L earningto Teach study
supports Ball’ s contention. For example, re-
searchersfoundthat most prospectiveteachers
wereabletosolvethefollowing problem: Whatis
1% divided by ¥2? However, very few could
deviseacontextinwhichsuchaproblemwould
make sense. Some proposed problemswhich
involveddividing 1%4by 2. Others, whilerecog-
nizingthat sharing pizzabetweentwopeopledid
not represent the problem accurately, wereun-
ableto createonethat was.

Not only doteachersneed connected, sensible
understandingsof the content of mathematics,

they alsoneedtounderstandthe natureof math-
ematics. Ball and M cDiarmid (1990) arguethat

knowledgeabout mathemati csincludesknowing:

(1) distinctionssuchasconventionversuslogical

construction, (2) rel ationshipsamong mathemati-

cal ideas, and, (3) thenatureof thefundamental

activitiesof mathematics—Ilookingfor patterns,

makingconjectures, justifyingclaims, etc. (pp. 9,

10).

McDiarmid(1992) presentsthreereasonsforin-
creas ngthesubject matter knowledgeof teachers.
First, teachersneedtoknow mathematicsinorder
“tohelptheirlearnersdevel op similar understand-
ings.” Second, the teacher’ s stance toward the
subject matter communi catesaview of thenatureof
thedisciplinetoher students. Finally, McDiarmid
argues, thereare“critical ties’ between subject
matter knowledgeand pedagogical contentknowl-
edge(Shulman, 1986). Shulmaninventedthisphrase
todescribetheknowledgethat enablesateacher to
“buildbridgesbetweenlearnersfromavariety of
backgroundsandthesubject” (McDiarmid, 1992,
p. 9). Ball (1990b) discussesthewaysinwhich
knowledgeof subject matter enableshertocreastea
variety of representationsof negativenumbersfor
thirdgraders.

M athematicseducatorsal soworry about teach-
ers attitudestowardsmathematics. Thelitera-
tureonmathanxiety, whilegeneraly not scientific,
isextensive. Cross-cultural studies(Stigler and
Baranes, 1988) suggeststhat American, more
than Japaneseor Chinese, adults, attributesuc-
cess(orfailure)inlearningmathto* ability” rather
thaneffort or opportunity tolearn. Thebelief that
theability tothink mathematically ispredeter-
mined caninfluenceteachers’ interpretationsof

their own math history. It can also influence
pedagogy: If somepeoplejust can’tdomath, then
teacherscannot expect al studentstounderstand
what they teach.

So, how can teacherslearn what they need to
know of mathematicsin order toteachinnew
ways?Anobvioussuggestionisthat they returnto
universitiesand takemath courses. However,
most teachersavoid suchimmersions. Wesel -
dom seeelementary teachers(either in- or pre-
service) in college calculus courses. And
McDiarmid (1992) hasarguedthat, if they did
takecollegemath courses, thekindsof experi-
encesthey would encounter would not promote
thekindsof knowledgeof or about mathematics
that math educatorsadvocate. M oreover, such
courses, withtheir pre-constructed syllabi and
emphasisoncoverage, areunlikelytoalleviate
mathanxiety. Thusteacher educatorshavel ooked
for alternativeapproaches. Someof theseinvolve
givingteachersopportunitiesto belearnersin
very different settings—settingssimilar tothose
theNCTM Standardsadvocatefor K-12 class-
rooms.

Educatorstaking thesealternate approachesof -
tenstart withthesamesocial constructivist per-
spectives on learning that drive much of the
current efforttoreform public schools. Drawing
onthework of Vygotsky, variousauthors(e.g.,
Harre, 1989; Wertsch, 1985) haveargued that
learningtakesplaceinsocial interactions: Stu-
dentsmust have opportunitiesto makepublic
theirthinking, thusmakingitavailablefor criticism
andre-formulation. Ball hassuggested (1990b)
that student conversationsthat includeconjectur-
ingabout mathematical problemsandideashelp
studentsto devel op anunderstanding of thena-
ture of mathematics. Cobb (1989) hasargued
that “each child can be viewed as an active
organizer of hisor her personal mathematical
experiencesand asamember of acommunity or
group[whichcontinually regenerates| taken-for-
granted waysof doingmathematics. .. Children
alsolearnmathematicsasthey attempttofittheir
mathemati cal actionstotheactionsof othersand
thusto contributetotheconstruction of consen-
sual domains (p. 34).” Wilcox, et al., (1991)
extend thisreasoningto prospectiveteachers,
urgingthat if wewant teachersto develop the
knowledgeof mathematicsthey will needinorder
toteachinnew ways, weneed “ powerful inter-
ventionsthat challengeandyet aresafesituations
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inwhichstudentscantakemathematical, emo-
tional, andintellectual risks. Creatingacommu-
nity of learnerswith shared responsibility for
learning holdsthe promiseof providingsuchan
environment” (pp. 1,2). Becausefew university
math classes create such communities, some
teacher educatorshaveattemptedto deepenand
broadenteachers knowledgeof mathematicsby
alternate approaches (e.g., Shifter & Fosnot,
1993; Duckworth, 1987). Duckworth and her
colleaguesmetwithagroup of teachershi-weekly
over aperiod of ayear to explorethelearning of
mathematicsamong other topics(Duckworth,
1987). Themembersof thegroup reported the
learning of content, abetter understanding of the
nature of mathematics, and achanged attitude
towardthesubject.

TheSummerMath Programat Mt. Holyoke Col -
lege hascreated theopportunity for in-service
teachersto experiencelearning inthekind of
classroomsituationthat theNCTM Standards
asks them to provide for their students. The
program gathersgroupsof practicingteachers
whomeet for twoweeksinthesummertoexplore
mathematicsfrome ementary and secondary cur-
ricula. Theteachersalsointerview childrento
probetheir mathematical thinking, designalesson
based on that knowledge, and teach it. They
explorethemathematicsin groupsof threeor
four. Theteachersthat Shifter and Fosnot (1993)
describe experienced reduced level s of math
anxiety inthesupportiveatmaosphereof thegroups.
Thisrelaxed atmosphere provided theman op-
portunity tothink about mathemati cswithout fear
of evaluation. Themembersof thegroupshad
opportunitiesto experiencesuccessinthinking
about and solving mathematical problems.

Theresultsof theseinterventionsseempromising.
Theauthorsreport that many of theparticipants
havedevel oped morepositiveattitudestowards
mathematics. Furthermore, their understanding of
thenatureof mathematicschanged. Many partici-
pantsnolonger view mathemati csasaset of rulesto
bememorized, whicharebeyondthe r understand-
ing. SummerMathteacherslikeSherry Sgdak have
“ devel opedanew understanding of mathematics”
(Shifter & Fosnot, p. 112) whilethoselikeGinny
Brownhavelearnedmathematicsintheirownclass-
rooms, from their students (p. 158). No longer
confinedtothestateof ignorancethey resigned
themselvestoaschildren,they areexpandingtheir
matheméticd horizons.

ProjectssuchasSummerMath, whileimmensely
helpful for participants, and possibly for their
colleagues, can handle but a tiny fraction of
teachers. So, how canthereformscalledfor by
theNCTM besuccessful ? Thispaper explores,
through theexperiencesof threeprimary grade
teachers, thepossibilitiesthat teacherswhobegin
to teach mathematicsin new ways may grow
significantly intheir knowledge of and about
mathematics throughtheir teaching.

Theteachersaremembersof InvestigatingMath-
ematics Teaching (IMT), aproject of theNa-
tional Center for Researchon Teacher Learning
(NCRTL). This group of seven teachers and
threeresearchersstarted meetinginthefall of
1991 toexploreamulti-mediacollection of ma-
teriad sdocumentingteachingandlearningof math-
ematicsintwo elementary math classes, oneof
whichwastaught by DeborahBall. * Duringthat
fall, Helen Featherstone, Lauren Pfeiffer, and
Stephen Smithstructuredactivitiesaroundwatch-
ing videotapes of Deborah Ball’ sthird grade
mathematicsclassandlookingat Ball’ sjournal
andthoseof her students. They alsovisitedthe
sevenparticipatingteachers' classroomsandin-
terviewed each teacher on aregular basis. In
January of 1992, thefocusof discussionsinthe
meetingsbegan to movetoward conversations
aroundindividual teachers' practices. Thegroup
hascontinuedtomeet onabi-weekly basi sduring
theschool year. Helen, Lauren, and Steve con-
tinuetovisit classroomsandinterview teachers.

Helen, Lauren and Steve first began to think

about the possibility that teacherswho beginto

teachmathinnewwaysmightlearnsubject matter

from their students in February, 1992, as a
result of aconversation between Carol e Shank

and Helen, inwhich Carol e spoke el oquently

about changesintheway shesaw mathematics
(seebelow). Asthey andyzeddatafromtheearly

phase of the study, they began to suspect that

other teachershad al somadesignificant changes
intheir understandingsof themath they taught,

their perceptionsof mathandwhatisinvolvedin

doing math, andtheir perceptionsof themselves
aslearnersof mathematics. Inthefall of 1992,

whenthey invitedteachersinthelM T groupto

collaborateinlookingat IMT dataonthisissue,

Carole, Debi Corbin, and Kathy Beasley were
particularly interested. Thethreecasesthat fol -

low aretheresult of acollaborativeefforttotell

their stories.
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Althoughtheother fourteachersinthelM T group
hail fromfour differentdistricts, Debi, Kathy,and
Caroleall teach at thesameurban elementary
school. Caroleand K athy havebeen colleagues
theresince1983; Debi isarelativenewcomer,

havingbeenassignedtostudentteachinKathy’s
second gradeclassroomin 1990 and havingthen
stayed on in the school as a“co-teacher” as-

signed, aspartof Averill’ sProfessional Devel op-

ment School effort, 2to providerestructuredtime
toateamof four primary gradeteachers—ateam
that includes Kathy and Carole. Inthefall of

1991, whenHelen, Lauren, and Stevewerere-

cruitingteachersforthelM T group, Kathy and
Carole had just moved out of the grade level

teamsinwhichthey hadbothbeenteachingsince
they arrived at Averill in order tofollow their
second and third grade studentsfor twoyears.

Thenew structural arrangementsand sharedin-
terestsinnew ideasabout teachingledthethree
teachersto spend many school lunch periods
talkingabout teachingandtojointhel M T group
together. All threewereinterestedinlearning
moreabout Deborah Ball’ smath teaching. But
because none of thethreefelt at all confident
about her own knowledge of mathematics, all

werea sosomewhat nervousabout theannounced
focusonaunitfromthe 1989-1990 school year
inwhich Deborah hadintroduced her third grad-
erstooperationsinvolving negativeintegers.

CAROLE

| thought mathwasvery, very individualistic
and dry. Therewasaprocess[algorithm], you
had tolearnit, and you got through it. And |
had trouble memorizing processes often. |
wasn’t good at math in high school, | wasn’t
good at math in college, and so | avoided it
becausel wasn’t good at memorizingwhat to
do and how to do it.

I never really got what it wasabout, and never
even really realized that even memorization
would get methroughit. I just kept trying to
figureout. .. anditjust never madeany sense.
I knew my facts, my addition, subtraction,
multiplication and division facts, and where
that didn’t work, | avoided it. My husband
would measurestuff and he’ dask me* How far
doyouthinkitis?’ andl’djust say, “1 haveno
idea.”

Likemany, perhapsmost, Americanadults, Carole
hasfeltinadequateinrelationtomathematicsfor
averylongtime. Thissenseof inadequacy started
at least by the time shewasin high school. It
continuedthroughher collegeyearsandwaswell
establishedby thetimeshebecameane ementary
school teacher. Unlike Debi, who memorized
formulaeandfelt abletodo problemsthat looked
liketheonesshehad practiced, Carolehadlittle
confidenceeveninher memory. Unableeither to
memorize formulae or to make sense of the
material, shefelt that shewaswithout tool sfor
dealingwithmathematical problems.

Becauseshefeltincompetent mathematically, she
kept math out of her lifeasmuch asshecould.
Andtheexamplesheofferssuggestsjust how far
out of her lifeitwaspossibleto pushit.

Over thepast year and ahalf, asconversations
about mathematicsproblemshavecometooc-
cupy anincreasingly prominent placeinher math
teaching, shehascometoadifferent view about
what mathematicsis, about what it meansto do
mathematics. She has also cometo feel very
differently about math. These changesin her
perception of what mathematicsisand how one
doesmath, andinher feelingsabout math, have
brought about changesintheway sheseesmath
operatinginherownlife.

Twenty Y earsof Traditional Math Teaching
For thefirst twenty-threeyearsof her teaching
career, Caroletaught third grade in the same
elementary school and* teamed” —taught and
planned—withthesamecolleague.

| pretty much followed the book, followed the
curriculumguide. It waspretty muchruleori-
ented, I’ ve cometo believe. Oncein awhile
we’ d use manipul ativesto show them some-
thing, but they weren't really toolsthat kids
manipulated. | wouldn’treally refertoitasa
tool, itwasmorelikeademonstration. It was
more my tool, to show them something. It
wasn’t for themto use. | didn’t know how to
have them use them. Or even how to watch
them to see what they could do.

Andtherewasalwaystheroutineassignment
of problemsinvolved. Problem after problem.
Andthenwegot soyoudon’thavetodoevery
problem, you cando every other problem. And
that was a big step. And then we got to the
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pointwhereyoudidn’t haveto do every page,
you could skip some. And thosewereall big
steps. It soundsridiculous, but that’ stheway
itwas.

Given her ownexperienceswithmath, itisper-
hapsnot surprisingthat evenmovingfromassign-
ingall problemstoassigningonly thosewitheven
numbersseemed likeamgjor step. IN 1989, atthe
PDS Summer Institute, she saw Deborah Ball
teachingmathfor thefirsttime:

| guessl| started to see something new when
wewent to our first summer work shop, and
[Deborah] Ball was there. And the things
that she was saying and doing were
unbelievable. . . . Shehad broughtinsome
kids, she showed videotapes. She gavethe
kids some problems, and asked them what
they were doing and they would explain
what they were doing and she would ask
them to explain what they were doing. We
looked at their journals and we saw those
kidsinreal life.

And the things that she was doing were so
different fromanything | wasdoing. Thecon-
versation, the discourse, the discovery, the
accepting of answers, kids listening to each
other, theteaching from onechildto another.
And she was pulling from the conversation
thingsto movetothenext step. | wasamazed.

That wasmy initiation, my first real experience
of somethingdifferent. Then, therewerediffer-
ent times, throughout thethreeyearsafter that
that things happened. And then, somewhere
along theline, wefound Marilyn Burns, and
she seemed to have all the answers. And that
gavemean avenueof experimentingwithmath
differently. We started doing someof her ac-
tivities, but thediscoursewasn’ tthere: itwas
the activitiesthat we were looking at. So the
activity becamethethingthat sort of got at the
understanding of what multiplicationwas. But
wewerestill doingthedrill, andall themultipli-
cationfactsand all the addition facts, and all
thetimed tests, and wewerestill doingall the
written stuff. Lotsof homework.

During 1990-91 shedescribed her mathteaching
asamix of MarilynBurnsactivitiesanddrill and
practiceworksheets. “1 didsomemultiplication
stuff fromMarilynBurns, butthen!’ dslip back
intotheworkbook.”

INn1991 several thingshappened:

» Havingjoinedtheteamthat wassettingdirec-
tionsfor her school’ sProfessional Develop-
ment School effort, she was thrust into a
seriesof conversationswith several of her
colleaguesabout theroleof teachers, women
and power, and open communication. She
explans

Wehad spent hoursand hoursand dayslearn-
ing how to talk to one another as members of

thismanagement team who didn’ t know what

it wasabout and what wewere supposed to do

and what wereally wanted to do and why we

wereeventhere.

Theseconversationsled her tothink more
about theroleshewastakingintheschool,
and about changessheneededto makeif she
wastogrow professionally.

* Because she decided to follow the same
group of childrenfor twoyears, shemovedto
second gradeand stopped planningwiththe
colleagueshehadteamedwithfortheprevi-
ous23years.

»  Shebeganlunchingregularly withK athy and
Debi andtalkingwiththemabout teaching.
Kathy hadtakenacourseover thesummer on
the NCTM Standards and many of these
lunchtimeconversationsfocused on math
teaching. Inlate September, whenKathy and
Debi begantothink aboutjoiningtheIMT
group, they suggestedthat Carolejointhem
and sheagreedtodo so.

October, 1991

Carolehad embarked onanadventurewhen she
moved toanew gradeand out of acomfortable
andfamiliar teachingteam. ShejoinedtheIMT
group because shewanted tolearn moreabout
the Standards and because she had been in-
trigued by what shehad seen of DeborahBall’ s
teachingtwosummersbefore. Fromtheveryfirst
IMT meeting, shemade connectionsbetween
what happenedinthegroup meetingsand what
happenedinher classroom. Shea sotook active
stepstocreateagroup. Lauren’ sjournal account
of our first meeting notes:
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Carolebrokethelinear format of “reporting”
and madeit more of aconversation. Sheasked
guestions of the other teachers. She spoketo
the teachers and not to us!

When other teachersrai sed questionsabout the
difficultiesthethirdgradersinBall’ sclasswere
having understandingwhy 200-190wasnot 190,
sherelatedthechildren’ sdifficulty toanobserva
tion about her own students: studentsthisage
havedifficulty understanding O asaplacehol der.

Just asshecarriedwhat shesaw inher thirdgrade
intothelMT group, shetook what shesaw inthe
firstIMT meeting back to her classroom. At that
firstmeetingweshowedvideotapeof Ball’ sthird
gradersdiscussing number sentencesthey had
generated inresponseto her request that they
“writenumber sentencesthat equal 10.” Before
watchingthistape, membersof theIMT group
didthetask themselves. For Carole, writing her
own number sentences, examiningthenumber
sentencesthat Ball’ sstudentshad writtenintheir
math notebooks, listeningtotheir discussion of
thesesentences, bringingthetask to her ownthird
graders, and observing what they didand said
becameboth apivotal event and ametaphor for
changesinher ownview of mathematicsthat grew
out of observingandlisteninginanewway toher
studentsasthey grappled withmath.

Here' swhat Carolewrotein her notebook that
firstnight. ThefirstcolumnrespondstoHelen's
request that everyonewritenumber sentences
equal to 10; the second that they write number
sentencesequal totenthat they thought athird
grader mightwrite:

Write number sentences=toten

3+2+5 6+4
6+3+1 5+5
4+4+2 2+8
3+1+2+2+1+1 1+9
111 9+1
4+6
3+7
7+3
111

All of Carole snumber sentencesexcept “11-1"
involved additive combinationsof integersbe-
tween 1 and 9. She was, sheremembers, sur-
prised at themuchwider variety of sentencesthat

we found in the notebooks of Ball’ s students
when welooked at them later that evening—
equationslike100+ 10=10and 200-190=10.

A few dayslater shegaveher ownthirdgraders
thesametask; likeBall’ sstudents, they ranged
adventurously acrossthenumericterritory they
knew. A year andahalf |ater sherememberedthe
scenethisway:

When| looked at that problem, “Writeall the
waysyou canwrite10,” | thought, “Hey, | can
do this, | can do this, | can do this, | can do
this.” ... Thenwhenmy kidsdidit...all the
different waystolook at ten, | thought, “Wow,
| didn't realize ten was out there all those
differentways.”

But that happensalot.

And|I took my first directionsfrommy kids, |
think. Andthenitwasencouraged, | think, by
conversations with colleagues, in [the IMT
group], withKathy, with Debi. They wereget-
ting excited about it, too. | wanted to know
more: | wantedtofigureout what el sethekids
knew.

It surprised me that those kids would figure
that out. . . . When Jason ® cameout with“It’s
200-190,” I thought, “L ook at what he’ sdoing!

And | was just copying something that
[DeborahBall] did.”

Thenwhenmy kidsdidit, and when[Deborah
Ball]’ skidsdidit | thought“ Wow, thereareall
thesedifferent waystolook at 10?”

Threemonthsafter giving her studentsthistask,
reflectinginaconversationwithHelenonthe
changes she had made in her math teaching,
Carolereferredtothisexperienceandtheway it
seemedtorepresent for her theway aworldthat
had seemedto betightly sealedwasbeginningto
crack openfor her:

What hasbeen areal awakeningfor me, | think,
as much as anything, is the relationshipsin
number. | really never saw muchrelationship
before. | mean, addition’ sadditionand carry-
ingwasrel ated to addition and borrowingwas
related to subtraction. But now the world of
number isreally excitingfor me. When| seethe
combinations of numbersthat [the students]
get with the mini-computer or the combina-
tions that they got with the problem that
[DeborahBall] gave, “What’s10?” and some
of thethingsthey are coming up with. And |
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alwaysthought 10was6+4 andthat therewere
certainfacts....Butit’ sahugeworld of 10 out
there, it’ sawholeworld of all different num-
bersand | alwayslooked at it asavery narrow
thing. . ..

Andthatisreally growingfor methisyear. It's
exciting. Itreallyis.

“1 wonder withmy limited math background
if| candoit?”

Eventhough shewasintrigued by thenumber
sentencesher studentswroteduringthislesson,
Carolefelt very uncomfortableabout her own
knowledgeof mathematics. OnOctober 15, after
attending two meetingsof theIMT group and
spending sometimereading Ball’ sjournal she
wrote:

Reading[Ball’ s] journal ishelping meto see
the process shegoesthrough decidingwhat to
teach, how tofollow one pieceof the curricu-
lumtothenext. M aking these connectionsis
essential. | wonder withmy limited math back-
groundif I candoit.

Subject matter knowledgeseemedcritical tothe
kind of teaching shesaw Ball doinginthetwo
videotapeswehad watched. Indeed, evenfol -
lowing Ball’ sthinking seemedabit of areachto
her. Becauseshewasalsofeelingvery shorton
time, shewondered whether it made senseto
continueinthegroup. Sheconcluded her Octo-
ber 15journal entry withthisquestion:

I’'m finding it difficult to have time to think
about my own curriculum and what their math
understandingsare, let alonetryingtofollow
[Ball’ s] thinking. Maybe[theMT group] isn’t
theplacefor meright now?

Assoonasshereadthisjournal, Helencalled
Caroletotalk andto say that shehoped Carole
wouldn’ tdrop out of thegroup. Carolereported
immediately that shewasfeed ingmuchbetter. She
wasvery excited about that day’ smath discus-
son:

Weweretalking about waystoequal 12. One
littleboy hadwritten“ 100-100+12=12." Some
of theother kidswereconfused. Another little
boy explainedit, saying, “It’ slike1-1=0." and
0+12=12" Theother child understood!

| wasso excited because | had takenthetimeto
talk andlistentothem! .. .| haven’tdonethis
before, but I’ mjust so excited!

Oncemoreitwasher ownstudents—theiridess,
their successat explainingtheirideasto others
andto her—that had madethedifference. She
wasexcited both by what shewaslearning about
her students—*| had takenthetimeto ask them,
and I’'m hearing their ideas’—and about the
mathematicsthat wassurfacingintheroom.

Carolewasstill troubled, however, about the
chasm she saw between her own knowledge of
mathematicsand DeborahBall’s—" | don’ tknow
themaththat shedoes’—andfor thesamerea-
son: “Wheredowegotomorrow?’

AndtheMT meetingswere not always easy
either. Reflecting back ontheyear during the
followingsummer sherecalledthat shehad often
hadtroublefollowingwhat Ball’ sthird graders
weresayinginthevideotapeddiscussionsthat the
IMT groupwatched:

| really had trouble. . .. |1 would get halfway
throughtheconversationandthink, “what are
they talking about?’ | had compl etely missed
thewholething. But I’ m better. It snot easy
beingalistener. Sol don’tbringinmy interpre-
tations but just listen . . . for what they are
saying, you know, and try to interpret what
they aresaying. ... Thereisafinelinethere,in
between how | construe it so that it makes
senseto me but so that I could communicate
what they’ reactually saying.

Hearingand celebratingthestudents’ ideas

Animportant themeinwhat Carolewroteand
saidduringthefall of 1991 wasthepleasureshe
gotfromhearingthechildren’ sideasinmath. At
our first meeting she had written that acentral
concernfor her wastoget thestudentstolistento
oneanother: “They all want to sharetheir solu-
tionsbut they don’twanttolisten.” Astheweeks
went by shereferredtothisconcernfromtimeto
time, but what wasmost dramatically clear was
thepleasureshewasgettingfromlisteningtothem
andlearningabout theirideas.

In January she talked about the central role
pleasureand sati sfaction neededtoplay inteach-
ing and learning. And she connected her own
satisfactionstowhat shewaslearning about what
her studentsknew:
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I’mamazed at how muchknowledgekidsreally
have.l’malwaysamazed. | don’tthink aclass
goesby that I’ mnot amazed. They know alot.
Therearealot of themwho know alot about a
lot of things. And you don't discover that
unlessyou let them shareand let them tal k.

It goes back to being open to change. | keep
thinking, I’ mstruggling so hard right now, but
I’m not preparing for something: thisislife
right now. Thisispartof it. If | can’t get what
| want out of it right now, I’ vegot to makesome
changes, because I’ m not preparing for any-
thing. I’ ve got to appreciate what thisis. For
somereasonthat really hitsfor me. Becausel
hear so many people say, “I’m preparing for
retirement,” “1I’ mpreparing for this.” But you
aren'tgoingtodoittheneither. THISISLIFE.
Y ou aren’t preparing to graduate, you aren’t
preparing for anything. Thisisit. What can
you get out of thisright now, and what canwe
dowiththis?

Thisemphasisontheimportanceof livinglifein
thepresent suggestsanother connection: InOc-
tober shesaw her lack of subject matter know!-
edgeasanimpediment to planning, tousingthe
children’scommentsandinsightsasabasisfor
movingthecurriculumforward. In October she
seemed to be saying, as she reported on the
excitement of good discussions, that shefelt
competent to orchestrate the discussionsthat
wereoccurring inthepresent but worried about
long-rangeplanning. Shesaw Ball’ sknowledge
of mathplayingacentra roleinher planning, inthe
decisionsabout “ how to movefromonepieceof
curriculumtothenext.” InJanuary, assheaf-
firmedtheimportanceof thepresent, perhapsshe
wasal soreminding herself of theimportanceof
what she was able to do.

Summer Reflections

L ooking back over theyear in the summer of
1992, inaconversation/ interview with Steve,
Carole touched on some new changesin her
thinking about math and thel earning of math:

What | thought wasunderstandingisnolonger
anywherenear wherel seemy students, what
they talk about, how they talk about math. ...
I’ vereally devel oped the confidencethat they
canfigurethisout. Wherebeforel never really
thought about it, | guess. ..I just thought math
isjust [writingdownaproblem] and spittingit
back out on the paper. Y ou know, it wasjust
kind of pushed throughthishole. | don’ttalk
aboutitvery eloquently, butit’ sjust sodiffer-

ent: Beforeit wasjust pushing out problems
and pushingout ... theright answer. Andit’'s
notthereat all anymore. Andit’ soutstanding,
I marvel atthat, I really do.

| don’tknow howtodoitwell,...butitjustfeels
right.

When Steveasked about whether shesaw changes
in her own view of mathematics, Carole an-
swered, “1’mnot afraid of it becausel canfigure
itout,too.” Shewasstill unsure, shecontinued,
about negativenumbers, “and |’ mstill not sure
wherethenext stepiswhenmy kidsarestruggling
withaconcept. .. butl feel | havepeoplel can
gotoforhelp.”

Sixmonthslater, whenweall wroteindividually
about changesintheway weviewed math, Carole
described her thinkingthisway:

Math always seemed apretty black and white
subject before. Y oufollowed aprocedure, you
followed aprocess, you got an answer. It was
individualistic, not shared except with the
teacher or the checker or whoever was in-
volvedwithit, and you moved on.. Not even
much relevancetothereal world. Except sub-
traction and my checkbook.

Sincejoiningthisgroup, | guess, andlearning
abouttheNCTM Standardsand[Ball’ s] tapes
and having discourseabout what’ simportant
and how to do it this way or that way, or
whatever, math nolongerisanisolated thing.
It'scommunication, it’sadiscovery, it’s an
adventure. All answersaredifferent and var-
ied. It’s about how we think and about how
numberswork and about how it all worksto-
gether. Math now haslife, it has many ques-
tionsandlotsof answersand awonderful way
of manipulating all different numbers. When|
think of theteaching, like, of placevalueinmy
classroom and watch how hard kidsarework-
ingtofigureout what tens, hundreds, and ones
mean and what does it all have to do with
addition and subtraction and multiplication,
and seetheemerging discourseand the prob-
lemsolvingthatisgoingon, | finditjustreally
really exciting.

Math hasbecomevery obviousinmy lifeasfar
as in the outside world. | can’t get specific
about those, I’d have to think more about
those, but | seeit much moreaspart of my life.
And | feel like’ve only just begun. I’m no-
wherenear theend; | think itisjust an ongoing
processthat I’ vestartedand I’ mreally excited
about.
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When Helen asked her why shethought these
changeshad occurred sheanswered:

Partly because it's open. It’s not just one
procedurethat | hadtomemorizebutit’ sways
of discovering how different numberswork.
That’ sthereleasefor me, that’ sthething that
has opened it up as much as anything.

Andtryingto seehow other people[children
intheclass] arethinking. ... When | look at
some of their solutions, | think, “That can’t
work. No, wait aminute, that doeswork!” It's
shocking sometimestheway thingsthat they
dothat areright thereinfront of methat | would
never havepickedoutinahundredyears, they
saw it that way. It’ sawhole different way of
thinking aboutit.

| havefaith that my kidsare goingto comeup
withtheanswer, or with someway of thinking
aboutthis....[Inthepast] | waslookingfor an
answer—thenumber at thebottom. I may not
even haveknowntheanswer myself. | looked
in the teacher’s guide and checked off the
answers—not having any concept that there
was anything beyond the rote process.

Soit’svery different for me.

WhereisCaroletoday,inrelationto Subject
M atter Knowledge?

It' sstill anissue. I’ mtakingmorecuesfromthe
kids. But | try toknow wherel want to go next.

From the start Carole has seen subject matter
knowledgeasintimately connectedtoissuesof
planning and knowing whereto go next, seems
likeabit of aresolution. But clearly shedoesnot
feel that sheknowsall sheneedsto know about
mathematicsinorder toteachmathwell.

Reflectingon Carole' sStory

Carolehadarrivedat adeadendinrelationtothe
learning of mathwell beforesheevenentered
college. Shehad aview of mathwhichmadeit
highly unlikely that shewouldever learnanything
she did not already know. Math presented a
smooth closed surfaceto her: it was*black and
white,” itwassolitary, anditwasirrelevanttoher
life. When something that |ooked likemath ap-
pearedinthedoorway—when, for example, her
husband asked her to estimateadistance—she
shut thedoor, declaringfirmly, “1 don’t know.”
Becausesheand mathhad agreedtoliveseparate
lives, nothingmuchchangedintheir rel ationship.

All thishasnow changed; math beckonsto her
both in the classroom and outside of it. Her
students' mathematical insightsintrigueher; she
triestofollow their thinking and seestheworld of
number expanding. Her story recall sthemoment
intheWizard of Ozinwhich Dorothy opensthe
door to her black and whitehouseandrealizes
that sheisnotinKansasanymore.

KATHY
Kathy hasalwaystaken her ownlearning seri-
ously. Soserioudly, indeed, that shechanged her
magjor fromelementary educationtoFrenchinher
sophomoreyear of collegebecauseshefelt that
shewasn’tlearning much of valuein her teacher
educationcourses.

After graduating from collegeinthelate 1960s
shemovedtonorthern Floridawhereshe spent
oneyear asaVISTA Volunteer and another
teaching high school French. Shethenmovedto
Michiganwith her husbandwheresheleft teach-
ingtobeginraisingafamily. After her second
childwasborn, Kathy obtained her elementary
education certification; shebegan teaching at
Averill ementary school inLansingMichiganin
themid-1980s.

During her first coupleof yearsat Averill, Kathy
taught second andfourthgradesusingmany of the
traditional methodsshehad|earned. Then, how-
ever, sheand her team teaching colleague be-
cameinterestedinnew approachestoteaching
reading. Over thecourseof thenext few years
they abandoned basal readersand ability-based
reading groups, tomovetowarda“wholelan-
guage” approach to literacy. Although these
changeswererather unsettlingatfirst, Kathy and
her colleaguewerereassured andvery excited by
their students’ responsestothewholelanguage
innovations. Asthey becamemoreproficient
usingthewholelanguageapproach, they beginto
exploretheideaof whether it wouldbepossible
tomakechangesintheir mathematicsteaching
that paralleled thechangesthey had madeinthe
teaching of thelanguagearts.

Inthesummer of 1988 K athy becamevery inter-
estedintheideasthat werepresentedina®“Math
Their Way” workshop, sponsored by theschool
district. Followingtheworkshop shebegantotry
new approachestoteaching math—for example,
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shefoundthebooksof MarilynBurnsvery help-
ful— andto seek out otherswhoweremaking
changesintheir practice. ThisledKathy and her
colleagueto attend, inthe summer of 1989, a
Michigan StateUniversity (M SU) Professional
Development School (PDS) summer ingtitutethat
included aworkshop onmathematics.

They saw video tapes of Deborah Ball and
Magdal eneL ampert teachingmathandwatched
Deborahwork withseveral of theeight- and nine-
year-oldsshehadtaught thepreviousyear. Much
intrigued, K athy begantofurther experimentwith
new approachestoteaching math.

In the fall of 1990 Kathy and M SU teacher
educator SharonFeiman-NemserinitiatedaPDS
project that involvedlong, searchingweekly con-
versationsabout teaching. Theseconversations
encouraged Kathy toexperimentinareflective
way in her approach to teaching. Kathy says,
“ Shehelped meunderstandthejoy andintellec-
tual work that iswhat teaching is all about.”
Sharon put Kathy intouchwith peopleat Michi-
gan StateUniversity whowereinterestedinalter-
nativeapproachestoteaching mathematics.

Inthespringof 1991, Kathy joined astudy group
that Deborah Ball and JanineRemillardhad orga-
nized for student teachersthey hadtaughtina
mathmethodsclass. Thefollowing summer she
took agraduateclassontheNCTM Standards.
Inthefall of 1991 Helen approached her about
joiningthelMT group. Kathy hesitated: shehad
anumber of other outsidecommitments; inaddi-
tion, sherecalls, “1 thought | was going to be
expected tobemoreknowl edgeabl eabout math
than | knew | was.” Shewarned Helen of this
worry onthephone, saying, “ Helen, | havetotell
you that, when you say negative numbers, it
makesmefedl very anxious.” However, shewas
so much attracted to theideaof learningmore
about Ball’ steaching methodsthat shedecidedto
taketheplunge.

Fall,1991: Feelingsabout

Math and M ath Teaching

Thefirst paragraphof thejournal that Kathy kept
forthelM T group capturessomeof her feelings
about mathand mathteaching:

Did| say | hated math at our last class?| feel
badly aboutthat. | don’treally hateit anymore.
Maybel never did. Itisfar moreaccurateto say
| fear math. But it feelsmorepowerful tosay |
hateit. | guessthat’ swhy | saidthat. | know |
would be offended if someone said that they
hated literature. What | really want to do is
understand math so that | won’t betense and
worried about it. Mostly, | never want my
studentstofear or hatemath. They all seemto
love math. And really | do like teaching it.
Teaching math hashel ped meunderstand math.

Afewdayslater StevevisitedKathy’ sthirdgrade
classand watched her teach amath lessonin-
spiredby MarilynBurns. Asshehadnotedinher
journal, studentsseemedto bethoroughly enjoy-
ingthemselvesandtheir task.

Ontheboard Kathy had written lists of items
costing $3, $4, and $5 in preparation for an
imaginary shoppingtrip. Shetold studentsthat
they can“ spend” $10, that they should decide
what they wanttobuy andwhy, figuretheirtotals,
andexplainhow they arrived at thefigurethey
did. They worked onthistask aloneor insmall
groups, devisingavariety of methodsfor keeping
track of their purchases. After theclassrecon-
vened, groupssharedlists, methodsof computa
tion, andtotals. Kathy concluded theclassby
asking the studentsto look for patterns—one
notedthat “ All thenumbersinthetensplaceare
1”—andtellingthemthat thenext day they would
talk about what thetotal swould add up to.

I'm Jealous....

Kathy’ sfirstjournal entry also highlighted two
issuesthat compelled her interest acrossthenext
year. Thefirstwaslistening:

| amalsotryingtothink about childrenlisten-
ingand learning from oneanother. | want this
tohappeninmy classroom. I’ vebeenthinking
alot about listening. My childrenlistentoeach
other best inthemorning during sharingtime.
Each child shares one thing, anything they
want. They can't talk when someone elseis
talkingandthey really observethis.l amnotin
charge. A different childiseach day. Michelle
isinchargeof keepingtrack of whoisincharge
and making sureeveryonegetsachance. Any-
way, they listen to each other: They talk to
each other. It seems to me that the reason
Deborah’ schildrenlistento each other isthat
the questions they are discussing are theirs.
Thisisareally clear example of responsive
curriculum| think. How isthisdifferent than
what | doinmath?
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Thesecond wasthelanguage Ball used to de-
scribeher third gradersmathematical thinking
and theknowledge of mathematicsthat stood
behindthisvocabulary:

She had labelsfor children’ sthinking—like
“decomposition of numbers.” | wasinterested
in her note about the “ compare meaning” of
subtraction. “1 know from experiencethat itis
theharder meaningfor childrento understand.
Using pictures and comparing the amounts
with manipulativesseemedto betheonly way
we could make sense of that meaning.” I’ve
reread her entry acoupleof timesand I’ m not
surewhat sheissaying. What does shemean
when shewrites” Thisproblemisinterestingin
part becausetheir ability to reason mathemati-
cally depends on their understanding of the
comparemeaning of subtraction”?

Atthegroup’ snext meeting shespokeof feeling
“jealous’ of Ball’scommand of avocabulary for
makingthesemathematical distinctions. Although
nooneelseinthegrouptook upthistopic, Kathy
continuedto show considerableinterestinfol-
lowing Ball’ sthinking when sheventured more
deeply intomathematicsandwhensheused unfa-
miliar mathematical vocabulary. Inearly Novem-
ber, for example, whenweexaminedachart that
Ball had madeto comparetheadvantagesand
disadvantagesof variousrepresentationsfor ex-
tending her students' understanding of negative
integers, Kathy asked morequestionsthan any-
oneelse. Eventhough sheremained | essthan
confidentinthenumericterritory below zero, she
continuedtotry tomakesenseof operationswith
negativenumbersandto useher own effortsat
sense making to assesswhat she saw invideo-
tapesof Ball’ sthird grade.

TheAttack of theKiller Elevens
Althoughstill uncomfortableintherealmof nega-
tivenumbers, Kathy wasmaking changesinthe
way shetaught mathematics. InlateJanuary, in
order to explainthecharacter of thesechanges,
she described arecent math lesson to Helen.
Kathy had begun, sheexplained, by asking her
studentsto compare 30 and 19.

But | didn't stopthere. | said “ useyour mini-
computer to figurethisout, and then explain
how youfigureditinyour journal. Andthen,
if youfinish, herearesomeother problems.” |
knew | had to have something elsefor themto
dowhilesome of theothersfinished theprob-

lem. Sol gavethem awhol eseriesof problems.
And as| got to creating them | thought, “ Oh,
I’1l do a pattern and they’ll all come out the
sameand |’ |l seewhat they dowithit.”

Afterthestudentshadworked ontheseproblems
independently for awhilethey reconvenedand
looked at thefirst problemtogether. They agreed
without muchdifficulty that theanswer was11.

So, we finished with it, and everyone was
feeling pretty good about it, except that one of
my students, Lisa, tried to talk about how 30
takeaway 19 and 50takeaway 39, whichwere
theonly two problems shehad done, werethe
same.

Intryingtoarticul atethisLisacametotheboard
andwrote

50 30
-39 -9
11 11

Andshe’sseenapattern! ... Which| thought
was interesting. So, | decided to pursue that
withthekids.

Thenextday, Kathy gaveher studentsaseriesof
problemslikethis:

30-19=
50-39=
60-49=
90-79=
40-29=
80-69=

askingthethird graderstowork individually on
theproblemsandtolook for patterns. Several
studentsrespondedimmediately that they knew
that all theanswerswere11. Kathy saidthat this
wasfine; they couldjustwritedown 11 andthen
startlookingfor patterns.

When her classreconvened, studentstalked ex-
citedly about the patternsthey saw: they noticed
that they wereaddingfirst 10, then 20, etc. to
boththetop and thebottom number, that all the
top numbersendedinzeroandthebottom num-
bersendedin9, etc. Thenthey gotinterestedin
what would happenif they added somenumber
that wasnot amultipleof 10tothetop andthe
bottomnumbers. They tried 7andweresurprised
toseethat thedifferencewasstill 11.
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“Then,” Kathy reported, “ someonesaid, ‘ Well,
thisistheattack of thekiller elevens, wehaveto
getridof theseelevens!’ Andl said,* Well, how
wouldyougetridof theelevens?What wouldyou
add? Thethird gradersbecamemuchengaged
with thisquestion. They tried adding several
different numberswith, of course, noluck. Then
Nathaniel calledoutexcitedly, ‘ Eleven! Let’ stry
11."” Therewasamurmur of excited approval.
Asagroup, the third graders appeared to be
convincedthatif they added 11 toboththe19and
the 30, thedifferencecould not continuetobe11.
They wereagainastonished by theresultsof their
arithmetic:

19 D 4
+11 +11  -30
D 4 n

Finally Cindy got Kathy’s attention: “Mrs.

Beadey,|’vehadmy handupforan hour andyou
never call onme.” After making her way tothe
front of theroom, sheturnedtriumphantly toward

her classmates: “ Y ou’reall wrong. 60-49isn’t

11:1t's29!! See[writingitontheboard]: Otake

away 9, you can't doit soyou write 9. 6 take

away 4is2.29! So, if youadd 30, you get 29, not

111

Thethird gradersstared at thenumbersonthe
board, andthen many agreed! Somedidn’t. All
this despite the fact that Kathy had worked
extensively with regrouping only afew months
earlier and, with most of the students(shehad
taught second gradethepreviousyear), theyear
beforeaswell. Gregory disagreed. Hesaid that
you couldtake9fromO, andthat, whenyoudid
this, yougot-9.

Aftertellingthisstory, Kathy returnedtotheissue
that had been puzzling thethird gradersbefore
Cindy took thefloor:

| started wrestling with, “How am | going to
help children understand that the space, the
amount between thosetwo numbers, remains
constant as long as you' re adding the same
amount to each of them?’ | don’tevenknow if
| understandthisreally clearly. Sol don’teven
know what todowiththat, Helen. | think that’s
thewholeissue.I’mreally inabind here.

Thestudentswereclearly exploringunfamiliar
patternsand asking challenging questionsof the
numbers. Kathy wasvery excited about their
extended exploration; thelessonfelt quitediffer-
ent fromtheone Steve observedinearly Octo-
ber.

Discussingthislessonwith Helenfour months
later, Kathy identified thewayinwhichshewas
listening to the studentsasthekey difference
between thislesson and the onesshehad been
teachingearlier. A comparisonof thetwolessons
helps us see what she meant. In the October
lessonKathy clearly listenedwithinteresttothe
children’ slistsand observations . However, there
isfar moreto listen to and for in the January
lesson.

Revisitingher commentinJanuary, 1993, Kathy
explained,“I1t’ snotthat | didn’tlistenbefore, it’s
that | didn’tletthem say anything.” Continuing
thislineof reflection shewent onto say that she
thought that she had been sofocused on correct
answersthat therewasn’ t that muchinteresting
forthechildrentosay. Thenshestopped herself
inmid-sentencetorevise: “Y ouknow, | probably
didn’tlisten. Thewholestructuredidn’tallowfor
thechildrentosay anything, sotherejust wasn’t
anythingtolisten to.” Sheshook her head disbe-
lievingly,“What aweirdway toteach!”

InJanuary, thechildrenweregivingthelesson
new direction all thetime. They were posing
mathematical questionsthat had not beenexplic-
itly ontheir teacher’ sagendawhen sheput the
problemontheboard. AsK athy pointedout,itis
one thing to listen for expected answers and
something quitedifferenttolistenfor, andto,
unexpected questions.

Thiswould seemtobethe*responsivecurricu-
lum” that Kathy had seeninBall’ svideotapein
October. Atthat timesheconjecturedthat Ball’s
studentsattended becausethe questionscame
fromthem. Shewasattracted by what she saw
and because she believedthat if her students’
werepursuingtheirownquestions, they toowould
listenmoreclosely toeach other andlearnmore
math. Her “killer eleven” story suggeststhat she
had achieved, at |east inthisseriesof lessons,
what she set out to do: Her third graderswere
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pursuing answerstotheir own questions; they
seemed to belistening carefully and thinking
about what they seeand hear. Their teacher was
equally excitedand attentive.

Near theend of thisJanuary conversation, Kathy
suggestedtoHelenthat shewouldliketofollow
uponGregory’ sobservation—*You cantake9
from 0" —Dby teaching her third gradersabout
negative numbers, “If | could have someone
comeinmy classroomtohelpmedoit.” Helen
wasdumbfounded: al fall Kathy had declared her
discomfort withtheideaof below zeronumbers;
only twomonthsearlier shehaddeclaredinclass,
“It’ shardfor metoimaginepursuing anythingto
dowithnegativenumbers.” Helentook thepro-
posal as evidence that Kathy was as strongly
committed to expanding her understanding of
mathematics asto altering her pedagogy. In-
trigued by thepossibilitiesfor learningmoreabout
thechallengesof thiskind of teaching, Helen
agreed, after several moreconversations, to co-
plan aunit with Kathy and spend twoto three
math periodsaweek in her classroom.

Teachingabout Integers

Overthecourseof what turned out tobefiveweeks,
Kathy and Helenworkedtogether withKathy’s
thirdgraders. They revisited regrouping because
many of thechildren seemed confusedabout when
toregroupwhendoingsubtraction. And, usinga
thermometer, they expl ored additionand subtrac-
tionwithnegativenumbers. Whilechildrenworked
onproblemsa oneorwithothers, Helenand Kathy
circulated, asking questionsand|listeningtoidess.
Kathy orchestratedfull classdiscussions; Helen
watched enthralled and madeoccasional sugges-
tionsduring class; intheeveningsthey debriefed
extensively and planned next stepstogether. (See
Bead ey andFeatherstone, inpreparation.)

Kathy and Helenwereexhilarated by thework,
by thechildren’ sdelightintheir owndiscoveries,
and by therichnessand diversity of thetheories
thethirdgradersgenerated asthey exploredthe
thermometer and wrote number sentencesthat
“endedbelow zero.” Inaddition, Kathy hersel f
waslearningto navigatethisnew numericterri-
tory. OnFebruary 23 shewroteinher journal:

[W]iththisnegativenumber stuff | amlearning
how tothink about it right alongwiththekids.
| was very excited when | understood the
strategy Janine and Violet and Jonathon had

all beentalking about andthat Cindy posedthe
conjecturefor: “1f youhaveaproblemthatis
like Violet's (11-9) and the answer is above
zero, if youswitchitaround (9-11) you'll have
ananswer below zero.” When| realized Thurs-
day night how well that worksand just felt now
| can“do” negativenumbersl| decided | wanted
everyoneto understandthat. (2-23)

A week later shedescribedto Helenafull class
discussion of students' effortsto start with a
negativenumber and writeanumber sentence
equal to zero.

They all gave examples of how to get to
zero. . .. They said it wasreally easy. Then
Noah and Justin gavetheirs: “-10+-10=0." |
wasn’t surewhether it wasright or not.

Another student disagreedwith Noah and Jeff’ s
formul ation, pointing out that [ someoneel se] had
shown onthethermometer that -10+10=0and
that, if thisweretrue, -10+-10could not alsobe
equal tozero. Asshelistened tothediscussion,
Kathy saw that -10+-10would haveto be-20.
Sheasked Noah and Justinto ponder thefollow-
ing question: “What if it were-10 degreesin
Anchorageandthetemperaturefell another 10
degrees?”’

A year later, writing to Helen about what she
learned asshetaught theunit, Kathy recalled that,
beforeteachingit, “ | had absolutely no confi-
denceinmy understanding of negativenumbers.”
Asevidenceshepointedtoadlipshehadmadein
formulatingtheproblemwithwhichsheandHelen
had plannedtolaunchtheunit. 4

| think that first problem is evidence of how
littlel understood [whenwestarted]. What did
I learn?1 think | learned that | coulddoreally
hard math by teachingit. Thefact that | under-
stood negative numbers, how to add and sub-
tract them, wasvery hel pful tome. Tothisday
| know that if | stop and think, “draw ather-
mometer,” | canalwaysunderstand how to add
and subtract negative numbers. | think | do
haveamental block whenit comestothis, but
I know it can’treally block meanymore, | know
| canunderstandthis. | feel likel should say |
do understand negative numbers, but | hon-
estly don’t believel do enough yet, | can say
| can understand them and that for me is
monumental.
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Y esthechildren’ sexplorationshelped me. It
wastheir thinking that taught me. They could
get up there and say out loud my misunder-
standings. Assoon asthey said them | would
understand. They unpacked theconcepts, the
thinking, the partsof negative numbersthat |
needed and they needed in order to under-
stand. | remember every time someone put
forthawrong answer and explanation | would
have to think and test the idea, | didn’t just
know it waswrong.

TeachingFractions

Afterintegers, Kathy moved ontofractions; this
unit proved unexpectedly difficult. Attheend of
thefirst week, shewroteinherjournal:

| amfeeling bewildered by math. Thisway of
teachingisdifficult. Thisisthefirsttimel have
done this on my own. By that | mean that
working with Helen | started really under-
standing thisway of teaching. Aslongasl had
Helen to consult with | was doing great. (I
didn’t realize how much shewashelping me.
Not that | didn’t appreciate and deeply value
her presenceandbeingabletotalk toher) I just
didn’ trealizehow lost | wouldfeel without that
support.

Helenwaspuzzled by Kathy’ sassertionthat she
wasteachingdifferently fromtheway shehad
taught beforetheir fiveweeksof collaborative
work: Inthelessoninvolvingtheattack of the
killer eleven shehad beenlistening carefully to
childrenandallowingtheir questionsand conjec-
turesto guidethedirection of theconversation;
what wasdifferent now?

Her visitstotheclassroomand K athy’ sjournal
descriptionsof someof these classessuggested
ananswer that connected directly tothedivision
of labor Kathy and Hel en had established when
they workedtogether: DuringthoselessonsK athy
had orchestratedall full-classdiscussions; Helen,
whowasthusfreed fromtheresponsibility for
managing theminute-by-minuteinteractionsof a
classof eight-year-olds, attended carefully tothe
mathematical ideasand theoriesthat children
weresailingintoandaround. Asanatural conse-
guenceof thisdivisionof labor, Helen had taken
chargeof suggestingatask for thejournal writing
withwhich Kathy and her third gradersusually
closedaclassdiscussion.

Before Helen and Kathy worked together,
Kathy’ sjournal assignmentsfoll owed no set pat-
tern. Somefocused on apieceof mathematics:
Afterthe“killer eleven” lesson, for example, the
childrenwroteabout whether andwhy they thought
30-19wasequal to 11 or 29. Otherswerequite
general: After adiscussionthat centeredonre-
grouping, studentsaddressed thequestion, “What
didyoulearninmathtoday?’ Duringher timein
the third grade, Helen tried to capture some
important mathematical disagreement that had
been embeddedinthepreceding conversation.
Circulating around theroom, reading over stu-
dents' shouldersandtalkingtothemabout what
they werewriting helped Kathy and Helen to
learnmoreabout children’ sconceptionsandmis-
conceptionsandtopushtheir thinking. Not want-
ingtolosethispiece, Kathy added Helen’ s*job”

toher own: Fromthefirstday of thefractionsunit
all her journal assignmentsrequired thethird
gradersto”domath.” Anexcerptfromajourna

entry that Helen madeafter visiting theclasson
April 9suggestsbothhow hard K athy waslisten-
ingfor andtothechildren’ smathematical ideas
and how complex was the task she had set
herself. The students had been working on a
probleminvolvingdividing 10browniesamong4
peopleand had donesomevery nice reasoning
both about theanswer and about how they might
expressthat answer:

[JJust asit wasgetting to betimeto break for
snack, Jonathon, who appeared to haveim-
pressed everyoneintheclasswith hiscom-
mand of the division, said hewanted to ask
the classaquestion: “Do you think that 10
divided by 4isthesameas4 divided by 107’

Someone—or maybeafew people—said no.
“Yes,” said Jonathon with great authority,
“itis. My friend told me. No matter which
way they writeit, the number of cookiesis
alwaysthebig number, thenumber of people
is always the small number. Y ou always
divide the small number into the big num-
ber.” I think hewanted ustowritethisdown
asaconjecture. | realized that we hadn’t had
any wrong conjectures before—perhaps
becausewe had played arolein encouraging
kidstoformalizetheir promisingideasinto
conjectures. I’'m not sure why. Anyway, |

was wishing that thiswasn’t happening: |

did not want to end the class by writing up
awrong conjecture. . .. Heor someoneelse
said something el seabout how you couldn’t
move the numbers around in subtraction,

but you could in addition and division. His
tone of authority wasimpressive. | did not
know how we should respond. . . . | felt that
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he had brought in an authority from outside
the classroom, and that the information of
this authority would be accepted because
the authority was not there to debate with.
| looked over at Kathy, and instead of | ook-
ingaspuzzledandworried as | felt, shewas
writing notesin anotebook. When he was
done she stood up (looking equally authori-
tative) and told the kids that she had a
journal assignment for them: They wereto
get their snacksand then they wereto think
about thesethreeideasand writedownwhich
onesthey agreed with, which they disagreed
with, andwhy. Theideaswere: (1) that you
can movethenumbersaround in addition,
(2) that you can’t move them around in
subtraction, and (3) that you can movethem
aroundindivision and that you alwaysdi-
videthe small number into the big number.
Students adjourned eagerly to their seats
and begantowrite. Kathy wrotethe conjec-
ture up in orange [we had instituted the
convention of writing conjecturesin orange
when they were formulated and students
wereworkingto*“prove” or “disprove”’ them;
we recopied them in blue when everyone
was convinced that they were true] as
Jonathoninsisted. Asl walked around | ook-
ing at notebooks and talking to children |
saw that just about everyone was disagree-
ing that you could movethenumbersaround
indivision, and agreeing with the other two
assertions. | thought that the assignment
waswonderful: thekids got refuel ed, they
saw that it was up to them to really think
about thisidea, and they did. Whoopee. |
just lacked faith, | guess. | thought, at that
moment, if we were doing amusical about
thework Kathy and | did together (adiffer-
ent way totell our story), thiswould bethe
culminating moment: | am completely super-
fluous.

Kathy wasclearly listeningtowhat studentswere
sayingforissuesof mathematical substance. Be-
cause shewas both orchestrating thediscourse
moment-to-moment now and creatingjournal
assignmentsthat wouldbeginwithwhat children
weresayingand useitto pushtheir thinking as
they worked moreindividually, shehadtothink
constantly about themathematical issuesthat the
discussionwasraising, andtodecidewhichones
wereimportant enoughto pursue. Thenotebook
inwhichshehadbegunrecordingtherepresenta-
tionsstudentsused andwhat they said duringthe
general discussionhelpedher tokeeptrack of the
contributionsof individual s, equally important, it
was also atool that allowed her to tease out
mathematical issuesbothfor herself andfor the
children. Sheexplains:

| had to engageinthethinking, themathemat-
ics, not just identify the correct answer, but
look at all answersinanew way, not whether
they were correct, but what they told meabout
that child’ sunderstanding of math. Many times
themodel or answer illuminatesamathematical
concept that isapieceof the mathematicsthat
| havejust missed.

Sometimesjust by writingdownwhat they say
| get moreclear onwhat themathematical idea
is. Somedays| just don’t and we end with a
fizzle, but 1 don’t worry about that somuchany
morebecausel know that duringtherest of the
day andtheeveningitwill usually cometome
what problem to present or whereto start the
discussionthenext day.

Inasummer conversationwith Lauren, Kathy
talked about theskill shehadlearned over the
courseof theyear: “ It’ slearningtheright question
toask. It’ saskingthequestionthat will synthesize
thediscussionandknowingthequestionthat will
pull ittogether and challengethekidsinaway that
will movethemforward.”

InthelIMT Group
Eventhoughinterestingthingswerehappeningin
theclassroom, Kathy reported at the next meet-
ingof theMT groupthat shewasfeeling over-
whelmed by thenumber and compl exity of the
guestionsthethird graderswereraising. Moving
fromfractionsof awholetofractionsof aset had
introduced unexpected confusions. For example,
Mariannerejected theclaim of aclassmatethat
oneplatewas1/8 of aset of 8 plates, asserting,
“Y oucan’t havefractionswhenyouhaven't cut
somethingup.” Kathy added, “ They arereally
pushingonthis.” Debi said, “What | thinkis,it’s
neat that they arepushing.” After somefurther
discussion, Kathy announced, apparently only
half in jest, “I want to go back to negative
numbers!”

However, an event that occurred lessthan an
hour later inthe meeting suggeststhat shewas
beginning to gain new confidencein her own
ability toaddressmathematical questions. Lauren
andtwo other membersof theIMT groupwere
describingwhat they had seenonavisit they had
madeto Ball’ sclassroom earlier that day. (Al-
though we had been watching videotapes of
Ball’ steachingonandoff al year, thiswasthefirst
timetheteachershad actually visitedtheclass-
room.) Lauren mentioned aquestion Ball had
posedtooneof thestudents: Why doyougetan
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even number whenyou add two odd numbers?
She added that she was still puzzling over it
herself. Kathy explained to her why thiswas
so—thefirsttimeshehadvolunteeredto explain
amathematical ideainthelM T group. Although
her explanation wasclear and cogent, shere-
portedlater that shehad felt uncomfortabl eabout
theexchange—perhapsbecause shewassoun-
accustomedtotakingtheroleof mathematics
teacher withanother adult.

Reflectingon Fractions

Twomonthslater, reflecting back onwhat she
had|earned and how shehad changed over the
courseof thepreviousyear, Kathy noted that she
thought that she had become clearer about the
conceptsshewastryingtoteach and had started
to think moreintermsof conceptsandlessin
termsof activities: inthepast shewouldbeginto
planaunitby lookingthroughbooksfor activities
andthenorganizingthemintoal ogical sequence.
She now starts with the ideas she wants the
childrentoexplore. Thischangehad not occurred
just over the course of the previous year but
rather aspart of anagendaonwhich shehadbeen
workingfor severa years. However,inthepre-
viousmonthsshefelt shehad madeaquantum
leapforward. Inthefractionsunit, for example,
shehadfocused onhel pingthestudentstounder-
stand what the top and bottom numbersin a
fraction mean and on the connection between
fractionsof awholeandfractionsof aset.

Shecontinuedthisreflectionsix monthslater,ina
conversationwith Helen, thistimetal king about
what she had |earned about fractions as she
taughtthisunit:

Thekidswere having trouble understanding
what thetop number meant and what the bot-
tomnumber meant. | had never wondered, and
| saw it would beimportant to understandit. |
think, likeDebi said, youlearnsomething solid,
likeit just is, it’s hard to pick apart. Like a
fraction, 1/2 or 2/4: Tomeitwasclear that you
could have 2/4 of apieor arectangle. | knew
you could have 2/4 of aset.

| remember doing thecrayon box problem, with
48 crayons, and thekids struggling with that
and asthey struggled | begantoask, “ Oh, OK,
what doesthe 2 mean?what doesthe4 mean?

| didsitdown and | went to math books—like
the Standardsand | havethisbrown book that
| use—I don’t know why because it never
helpsme— and | think | looked at Burnsand
Tank.

Thekidsteach me how to teach. | don’t con-
sider that | haveastronggrip on mathematics;
| was surprised, but maybe not shocked, that
therewas moreto fractionsthan | had seen.

“Thekidsteachmehow toteach.” Clearly they
dothisinpart by helpingher locatethecentral and
interestingideasinaproblem, by asking ques-
tions, and by showing her which of her own
mathematical ideasshehasnot probed deeply.
When the children raisethe questions, Kathy
listenscarefully, pushesher ideashard, talksto
other peopl e, and comesto new understandings
of her ownaswell asnew waystoteach.

Desl
How toreally teach for understanding?

How dol know if thestudentsarereal ly under-
standing?

What doesit mean to know?

How to get studentsthinking and talking about
math?

How to create lessons in which thereisdis-
course and studentshavetool sand strategies
to search out solutions and talk about their
solutions?

How do | find time and people to talk about
math this way and not the more traditional

way?

How do | learnto question studentsand push
their thinkinginmathand all areas?

How can| learnto createmy own curriculum
when | am not strongin my math skills?

How can| learnmoreabout math sothat | know
how to take advantage of teaching situations
(teachablemoments)???
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InOctober of 1991, having been apaidteacher
forjustonemonth, Debi attended thefirst meeting
of thelMT group. Afterwardssherecordedthese
sevenquestionsabout mathand mathteachingin
her journal. Thedepthandrangeof thequestions
suggestshow hard shewasthinking about what
she needed to know in order to teach math in
ways that were different from those she had
experiencedasastudent. Her | ast question sounds
aparticularly interesting note, for it suggestsa
kind of confidence about the possibilitiesfor
expanding her knowledgeof mathematicswhich
isrelatively rareamongteacherswho havebeen
defeated by mathin elementary school and still
consider themselvesweak inthisarea

Butif Debi wasoptimistic,inthefall of 1991, that
shecould“learnmoreabout math,” it wasnot
because she had experienced moresuccessin
elementary and secondary school math classes.
Onthecontrary: The path to thismoment had
beenlonganddifficult. Fiveyearsearlier shewas
unsureabout her ability totakecollegecoursesor
contributeanythingtoaconversation. Shehada
particularly low opinion of her own capacity to
learnmath.

Elementary school, high school, and college
InFebruary, 1992, Debi recalled her school and
collegeexperiencesof |earning maththisway:

| alwaysstruggled to keep up and never felt |
had agood understanding of math. It took me
alongtimeto catchontothealgorithmthat was
being taught and so | was alwaysbehind and
onceyou get behindinmathyou never seemto
catch up. At least that was how | felt. These
experiences created a strong case of “math
anxiety” andl madeevery efforttoavoidtaking
any math classes that weren’t absolutely re-
quiredto graduatefrom high school. I eventu-
ally decided that somepeoplecould“do” math
and some couldn’t do math. This was rein-
forced by a society that suggested that boys
were better suited to study math and science
than girls and by a father that steered me
toward literatureand history type coursesbe-
cause hethought | wasbetter suited for those
type of courses.

This avoidance of taking math courses fol-
lowed meinto collegeand | wasalwayssearch-
ing for majors that didn’t require any math
courses. Naturally this eliminated a lot of
choices in my college career. | eventually
dropped out of college to get married and
found myself doing basicaccountingworkin
my job. I discovered | could understand and do
math that was related to accounting, such as
adding, subtracting, and percentages. It was
morereal world math and it seemed to make
sensetome. | decided that thiswasthe*kind”
of math | could do. Theother “kind” of math
(and1 am not surewhat | would haveincluded
inthat category —perhapsintellectual math) |
couldn’t do.

When | wasastudent in elementary and high
school | didn’t understand math and asaresult
| hated it. | wastaught how to do the process
[agorithm] but | had no clear understanding as
towhy | wasdoingit. Theteacher would give
out the page numbersin our math book that
weretobedoneandif it wasanew concept she
would explaintheoneor two examplesat the
top of the page. Then each child would com-
pletetheproblems. Thestudentsdidn’ttalk to
each other or share ideas. The only time a
student interacted withtheteacher wasif she
asked a question or wanted an answer to the
problem as we were checking the pages for
correctanswerslater. | don’tremember ateacher
saying “I don’t think you all have a clear
understanding of thisor you seemto behaving
problemsand sowe' Il go back and ook at this
again.” Thenextday, nomatter how wedid on
the previous pages, we' d be off to the next
pageinthebook. I think I knew that each page
inthebook wasgoingto becoveredthat year
and by the end of the year you could always
feel a push from the teacher to “finish” the
book.

ReturningtoCollege

In 1988, having concludedthat sheneededtobe
abletomakemoremoney than shecouldearnas
asecretary or abookkeeper, Debi decided to
returnto college. Sheneededtotakesomemath
classesaspart of her program:

Thismeant | would haveto take aplacement
test with the math department to see where|
would havetobegin. | dreadedthis. | knew that
| had very littlebackgroundin mathand didn’t
want to make afool of myself. | went to the
bookstoreand bought apre-algebrabook that
wouldallow metoteach myself math. Thebook
took me, step by step, through different math
processeswith great examples. | feltlikeit was
achallengefor meand | loved doingit. | spent
theentire summer doing every probleminthat
book andwhen | took thetest | wasableto go
into abeginner’ salgebrainstead of pre-alge-
bra | felt successful inmathfor thefirsttimein
my life.
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Her successinthefirst math courseboosted her
confidencestill further: thecoursewassdl f-paced;
each student worked independently in abook
similartotheoneshehad used duringthesummer.
Therewereweekly meetingsscheduledfor those
whowanted help, but Debi foundthat shedid not
needtoattendthem. Shewasdelighted: “1 didn’t
evenneedtogototheclasses. | could dothison
my own!” Shegot a4.0inthecourse—afurther
boost toher confidencethat shecouldlearnmath
afteral.

Shefdlt, however, that being abletomovethrough
thematerial at her own pacewasessential toher
successasalearner of math.

And at the beginning, especially during that
first summer, itwasavery slow pace. Because
| remember that when| finally hitthat first class
that youhadtotakeasa class—becausewhen
you hitalgebraandtrigyouareback inthereal
world again—I dropped thefirst onel took. |
lasted about two or three weeks. | could not
keep up—or didn’ tthink | could keep up—with
thisguy’ s pace.

| wasreally upset, dropped the course, waited,
took it againnexttimewithadifferentinstruc-
tor. Andthat helped, but | still hadto moveat
their paceandthat washarder for me. | diditin
theend, but it was harder.

Difficult asit wasto step back intoamath class
whereshehad no control over the pace, shewas
convincedthat sheneededtoprovetoherself that
shecoulddoit.

| couldnot letit get thebetter of me. I justwould
not letit. . . . | took two terms of economics
based onthesamething: | had flunkedthemin
college the first time around and | was not
going to let it get the better of me. So even
though economicsdid nothingfor measfar as
credit toward something, | took them.

It had hung over my head all those yearsand
| had to beat it.

And after | conquered alittlebit of math, and
economics, | think | realized that | could do
anything | wanted to. And then watch out!

Thesevictoriesover theold demonsof school
mathematicsseemed ascrucial toher inretro-
spect as they seemed in prospect. When she
wrote and talked about her own |learning, her

proseringswiththeaccentsof celebration. But
when Helen asked her, in February of 1993,
whether shehadawaysfelt thisway aboutlearn-
ing sheshook her head:

I lovetolearn. | really do. But | still struggle
withfeeling dumb.

But this celebration of learning came when |
realized| coulddoit, whichwaswhen| didthe
math. And at the same time | was doing the
math, | took a psychology class. And | got a
4.0

| canremember, intheorientation, onthefirst
day at [the community college], they asked,
“Why areyou here?’” And | remember saying
something like, “I just need to seeif | can do
this,and I’ mjust soexcitedtobehere.” And|
got a4.0 and | wasn’'t dumb! I shook in my
bootsthewholetime, but—

Theother piecewas, when | wasinmy teacher
ed. program, | wasinacohort [takingall teacher
education classes with the same 29 people]
and| finally becamereally comfortablewith
sharingmy ideas. That’ swhen| begantofeel,
“Well,I’mnotsodumb.” Itwaslikemy opinion
wasworth something.

It alwaystakesmealongtimetowarmupand
say something. | am alwaysextremely quiet at
firstinanew class.

I’mstill inthemodeof thinking I’ mdumb. 1’1l
begladif | can ever get past that.

IntheElementary Classroom

By thetimeshebeganto spend substantial pieces
of timeinanelementary classroominher lastyear
of college, Debi hadcomealongway indefeating
her imageof herself assomeonewho couldn’tdo
math. Sheknew that, withhardwork andtime,
she could get a 4.0 in a college math class.
L ooking back, however, shebelievesthat she
wasstill entirely reliantonmemorizationfor this
academictriumph. Inajournal writteninthefal of
1991 she explainsabit about theway shehad
thought about numbers, for example,intheearly
monthsof the 1990-91 school year:

When | began teaching subtraction to the
second graders, | had aprocess[algorithm]
firmly in my mind. However, | knew that |
wanted to teach them for understanding. |
wrote my unit with that goal in mind. On
paper it was teaching for understanding.
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However when | began teaching the unitit
became process-oriented because it was
what made sense to me. When Sharon and
Kathy weretalking about thiswith mel got
very frustrated. They kept talking about
numbersin parts. 4 and 3are partsof 7. But
tomeitwasasolid number 7 that couldn’t be
broken apart. Because of thisideal had of
numbers| was having troubl e teaching sub-
tractiontheway | knew | should becauseit
didn’t make senseto me. Eventually during
that unit it began to make more sense to
me . . . maybel learned withthekids. | no-
ticed thisyear that numbersdon’t seem so
solid and I’ m thinking of them as parts of
numbers that can be put together.

Another quote, thistimefromaconversationwith
Helenin2-8-93:

Thatfirstyear, watching Kathy, | couldn’t get
past, “Well, she is doing addition.” And |
didn’t know what addition meant, really. . ..
When| looked at 23+23, | saw the23 assolid:
Itwasn’t 2 tensand 3 ones.

Throughout theyear Debi struggledtoteachmath
“forunderstanding.” Therewereintriguing mo-
mentsinwhichchildrenmanagedtoexplain their
idess:

| got started with what the equal signmeans. |
don’'t know if | helped or confused them. |
thought it wasinterestingtowatchthemtrying
tothink throughwhat it meant tothem. | found
it interesting to try to see how they were
thinking. We cameto ashared definition that
the equal sign means that both sides are the
same. (December 12,1990)

Over and over, however, her journal recorded
her frustrations. Ontheonehand, therewereher
goals: “1 want my studentsto understand what
they aredoing. | don’ t want themto just memo-
rizeprocedurestofollow.” Butontheother hand
therewaswhat shesaw herself actually teaching:
“1 dothink I’ vebeen concernedwiththeteaching
of onestrategy touse. If | teach onestrategy it
seemstobecomeaprocess’ (January 1991). She
connectedthisdifficulty totheway that shehad
been taught math and to thefact that numbers
werestill “solid” for her.

Fall, 1991

In the fall of 1991, Debi took her first paid
teaching job: She was a “co-teacher” at the
elementary school inwhichshehad student taught.
I nstead of workingwithonegroupof childrenall
thetimeshetaught four different primary classes,
spending two hourswith each group each week.
ShealsojoinedtheM T group.

IntheSecond and Third Grades. Her math
journal isakind of celebration of her ownlearn-

ing: Over and over again, asshewatchesoneof

theteacherssheworkswithteachalesson, she
sees mathematical conceptsembeddedinthe
lessonthat sheiscertainshewould not havebeen

abletoseeayear earlier. For example, aweek

after school started shewrote:

When | planned the Stars and Circleslesson
[anactivity designed by MarilynBurns], | saw
S0 many concepts. | could seethe concept of
adding groupsof numbers, learningtorepre-
sent numbers on paper, multiplication con-
cepts, putting numbers in groups, and that
numbers can be broken apart. . . . Last year |
wouldn’t have seenthis.

Shewasalsoabletodesignamathunit of her own
togiveher studentsthekind of “feel” for metric
unitsthat had beensolackinginall of her school -
based encounterswith mathematical topics.Ina
journal writtenforthelM T group sheexplains:

| work as a co-teacher and have the opportu-
nity to choosewhat areaof curriculum I want
tofocusonandfor how long. After observing
thelack of timespent on measurement | ast year
andthat oftenit wasjust memorizing | decided
to choosethisareafor my first unit.

| planned my first lesson around helping the
children learn about the metric system and
especially thedecimeter. | gavethema“mea-
suring stick” and asked themto go around the
room andfind objectsthat wereabout thesame
size.| didn'ttell themthat it wasadeci meter.
They weretofind anobject, draw theobjectlife
sizedandidentify it.

Later aswe processed thelesson | identified
thenameof theunit. Wecomparedit toinches.
They were sent home and asked to find five
objectsat homethat werethat size. | wanted
the studentsto have achanceto measureand
begintorecognizewhat adecimeter sizelooked
likewithfamiliar objects. By havingthemdraw
theobjectsit reinforced therecognition.
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Fromherel’ll helpthemdiscover that 10dm=1
meter and, if youdivide, adm=10 centimeters.

| wanted metrics to make sense to them, for
themto beabletouseit andidentify familiar
objectsasacertainlength soit becameapart
of their experiencesand knowledge. (Not just
memorizing). | amattemptingtomakethisaway
to better understand metrics and measure-
ment.

Debi’ ssubsequent journal reflectionsontheles-
sonsinthisunit indicate that she felt she had
succeededinachievingmany of thesegoals. And
her reflectionson her own learning contain a
consistent noteof cel ebration asshetal ksabout
the math concepts she had seen embedded in
lessonsshetaught.

ThelMT Group. Debi’ sreflectionsonthefirst
meeting of the IMT group reflected the same
excitement about her ownlearning: Asshesat
downtowriteafter the meeting, shecontrasted
what shehad seeninthevideotapethat night with
what she had seen when shewatched atape of
Ball teachingtwoandahalf yearsearlierinher
first teacher education course.

| first saw [Ball] on tape when | was taking
TE101. 1 wasimpressed with how she*let her
students” teachthemselvesand didn’t seemto
have muchinputinthelessonsexceptto set up
the problem. She never seemed to tell them
they wereright or wrong. . . .

When | waswatching thetape Thursday night
itwasthrough moreexperienced eyes(though
still very muchthenovice). .. .Wherethefirst
times| saw her tapes| thought, “What agreat
teacher,” and couldn’t go any further, thistime
| wasabletowatchto seewhat shewasdoing
and ask myself why shewasdoingit. | wasable
to think about what the kidswere saying and
then try to decide why they said it and how
they werethinking. | wasal soabletolook at the
lesson and see the many directions it was
going and not that it was just a subtraction
problem that they werehaving problemswith.
| was also noticing how she set the original
problem up in a way that would bring out
different concepts(sheasked themto makea
mathematical sentencethat equals10), suchas
addition, subtraction, multiplication, and divi-
sionand probably many othersthat could have
been brought out.

Delightingintheknowledgethat sheisseeingand
hearingfar morethanshehadthreeyearsearlier,
Debi identified theseareasof change: Shewas
now pushing herself tomakesenseof thestudents
thinking; shewasnow alsonaticingall thediffer-
ent mathemati csembeddedinthel esson—seeing
morethana*® subtraction problemthekidswere
havingdifficulty with.”

Although Debi continuedthroughout thefal | tofed

goodabout both her progressinteachingfor under-

standing—thegod shehad setfor herself—andher

ownincreasingability to hear and seenew math-

ematical ideasinthelessonsshewasteaching, her

initid enthusasmforthel M T groupactivitiesquickly

turnedtodismay. Afterthegroup’ sthirdmeeting,in

whichwehadworked, atfirstindividua ly andthen

collectively,ondesigningandthenevauatingrepre-

sentationsforteachingthirdgradersabout negative
numbers, she wrote that she wasfeeling “very

frustratedwithMathclass. °... Thesediscussions
don’tseeminterestingtome. . . they seemtodrag

outandgonoplace.” Shewentontoexplaininher

journal that apart of her frustrationwiththegroup

wasthefocusonnegativeintegers.

I’malso having troublewiththenegativenum-
bers. To methey seemlikenon-numbers ¢and
how doweteachthemif they don’texist. . . .

When | look at/ think about negative numbers
| think about the number line and it makes
sensebecausetherearerules. If you havetwo
negativesyou addthem. If you haveanegative
and a positive and the positive is higher the
answer becomes positive. (I think that isthe
rule). Butyou canseeif | forgettherulesl’m
lost because | have noideawhy it’strue.

Inherwork withKathy and Sharon, andtheninher
workwithchildrenintheclassroom, Debi hadfound
new understandingsof numbers. Shefetthatforthe
firsttimeshewasbeginningtounderstandnumbers
andmathematical operations: “ | noticedthisyear
that numbersdon’ tseemsosolidand!l’ mthinkingof
themaspartsof numbersthat canbeput together.”
Shewasexcited by thefact that shehad cometo
havesomeunderstandingsof thingsshehad previ-
ously learned by rote. Shewasdetermined not to
dipbackintothememorizationmode:
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So somehow | have to gain a better under-
standing of what negativenumbersareif I’ mto
really beabletotakepartinthisclass. Why was
thisclassfocused on such adifficult concept
asopposed to something more“normal” ?

ThelMT group confronted her with an areaof
mathematicsthatdidnotyieldvery well toefforts
to connect it with concrete reality. It did not
provideher withthetool sor theenvironment that
would help her to make sense of this area of
mathematics. Thursday night meetingsbecame
more and more painful. In December shere-
flected back on her experienceof thegroup:

| desperately wanted to understand [ negative
numbers’'] purpose and not just aprocess by
whichto usethem. I still haven't discovered
that yet. But | havebeenstruck by thestruggle
| was going through and the sense of frustra-
tion| wasexperiencing. | didn’twanttogoto
class. | didn’t want to do the project. | really
just wanted to stop coming. | began to tune
out. . .. It was an old feeling (the feeling of
wanting to just drop trying to understand
negative numbers and feeling like afailure)
that | haven’texperiencedinalongtime.l’ve
been used to accepting the challenge since
returned to school and not getting discour-
aged. But thistimel did becomediscouraged.
(December 1991 journal entry)

A year |ater sheinterpreted theencounter with
negativenumbersthisway:

| just stepped right back into that old mode. It
wasareal gut reaction. When| look back, | ask,
“Why did you do that, Debi?’ | don’'t quite
understand it except to say that must beareal
powerful thinginme. It wasa35 year experi-
ence, and it was sitting there underneath the
surface, and, for whatever reasons, it just
jumped up and grabbed me and for a brief
period | wasback inthat dumb mode.

When Helen asked her why shethought shehad
responded sodifferently tothechallengeof mak-
ing senseof negativenumbersthanshehadwhen,
ayear earlier, her cooperatingteachershadchal-
lenged her tothink differently about subtraction
andthedecompositionof numbers, sheanswered:

For somereason it wasmuch harder content.

Partly it wasthe setting of adifferent group of
people. A larger group.

| wasstill inthat concreteversusabstract and
“1 must be a concrete learner and I’ m not an
abstractlearner.” .. .1 think that wasstill inthe
back of my head. Becausel knew that themath
| had learned easily inmy [ community college]
courseswasstuff that | could just memorize..
..Whenit cameto problemsthat | really hadto
do somedelvinginto or thinking about how to
go about doing them, those were the ones |
alwaysstruggled with. And | knew that piece
of me, so, of course, that was the abstract
piece. Sol knew that | still had somelimitson
math and obviously negative numbers was
one of them. So | had agood excuse.

I think 1’1l alwaysstrugglewithit, but | won’t
letitgettome. I’ Il just struggleharder.. . and
I think of it asachallenge.

Winter 1992

Althoughshewasstrongly tempted nottoreturn
tothelMT group after winter break, Debi de-
cidedtogiveitanother try. Andwiththefocus
shifted away from negativenumbers, shefound
that sheenjoyedthe Thursday evening meetings
far more. The most important devel opments,
however, occurred in second and third grade
classrooms. Unlikemost teachers, shehad two
different school-based sitesfor | earning about
math and about teaching.

TeachingDivision. Thefirst, of course, washer
ownclassroom. Havingfinishedtheunitonmea-
surement, shedecided to teach the second- and
third-gradersaunit ondivisionwhich shede-
scribedinaJanuary journal entry:

Thestudentsbegan by hearingthestory, The
Doorbell Rang, by Pat Hutchins. Thisis a
story wherethe mother makes 12 cookiesfor
her son and daughter. They divideit between
themselves and then the doorbell rings. The
kidsnow haveto dividethe cookiesbetween
4 peopleandsoon. Thekidsretoldthestoryin
play formand physically divided the cookies
(blocks). Then| passed out the cookiesto each
childfromthetray of real cookiesand ended up
with someleft over. Asthey wereeatingtheir
cookies| asked themtowrite.

Theideafor thisunit cameout of abook. But after
teaching afew |essonsshealtered her plan; on
January 14 shewrote:

When | first started thisunit, | sawitasa 4-6
week unit? that would end when | did the | ast
activity inthebook. | would do exactly what
they told me (whichisfineand agood placeto
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start) and then the unit would end. Now I'm
tryingtothink of away to extendthisand use
itmoreasanintroductiontodivision. |’ mnot
sure how to go about thisbut | really want to

try.

Theeventsintheclassroom|ledtoconversations
outsideof theclassroom:

| talked with [agraduate assistant workingin
theschool] later about [the different waysthe
children had found to share the cookies] and
shewastelling meabout twotypesof division.
One type she called “partitive,” which she
described asHow many groups of something
will I get? The second type she called “dis-
tributive,” whichwasHow many each box will
get.

Thedecisiontogofurtherintodivisionalsoled
Debi tobegintoread and think moreabout what
divisonactualywas:

As | was planning [the unit focused around
The Doorbell Rang] | said to myself that this
was about division. But | didn’t think about
what division meant. | began teaching theunit
anditbegantotakeonalifeof itsown. | started
thinking about going beyond the planned | es-
sons. Then| beganthinking about how | would
teach division for understanding. . . . | asked
myself thequestion What wasdivision?What
conceptswereembeddedindivision?l1 pulled
out my math books & and began researching
and thinking about it. I’ ve decided that divi-
sion is the opposite of multiplication (in-
verse)—42+6=7 and 6 x 7=42. Other concepts
weresubtraction (12+3 can befigured out by
12-3-3-3-3or =4) Y ou could count backwards
togettheanswer 15+3...15,12,9,6,3,0.Five
numbers. M ultiplicationisneeded. Addition.
Placevalueunderstanding. Fractions. Remain-
ders. Decimals. There are so many things/
ideasthat gointodivision.

In March, summarizing what she saw hersel f
learning over thepreviousmonths, Debi wrote:

It’ sbecomevery clear to methat thefirst step
inteachingaconcepttochildrenisfor metotry
to understand the concept first. | get out my
booksand try to find out what mathematical
ideas are embedded in the concept, talk with
other teachers, and do actual problemsmyself.
I’malsorealizing that as| beginteachingthe
concept | will probably learn more from the
childrenasthey try to solve problems.

Duringthesummer, inaconversationwith Steve,
sherecalled how her learning continued asshe
beganteaching:

And [the students] taught me because when
they weredoing it themsel ves, somebody was
takingtheoriginal number and subtractingit,
andimmediately | thought, “you can’tdothat.”
Andthen| started thinking, “But it works!”

| was more open and then | started watching
different waysthey found to solveit.

Seeing connectionsamongtopicswasexciting. In
addition, it madethemathematicsmoreinterest-
ingandaccessible:

Evenyour negativenumbersarereally so con-
nected to subtraction andtrading. And | think
that isfascinating. Oncel connected the nega-
tivenumbersto subtraction, it madeawholelot
more sense.

Somemonthslater shediscussedthepedagogica
implicationsof discovering connectionsbetween
division, subtraction, addition,andmultiplication:

Lastyear, when| saw what thedifferent pieces
of divisionwereand how connected all these
concepts are, | began to wonder why do we
havetoteach onebeforetheother necessarily
because in a way they are so [connected]. |
never knew all thisstuff before. It wasjust, if
| couldn’t memorize the process, | couldn’t
passtheclass.. .. That’show | gota4.0inmy
collegeclasses. (IMT, 1-93)

Kathy teachesabout number sbelow zero.
Debi had aparticularly strong connectionwith
Kathy’ sthird gradersbecause she had student
taughtinKathy’ sroomand Kathy waskeeping
the second graders she and Debi had taught
together for asecondyear, followingtheminto
third grade. As a consequence, when Kathy
decided to venture into the land of negative
numbers, Debi wasparticularly interestedto see
what happened. Shewasal soquiteastonished by
Kathy’ sdecisiontoteachthismaterial, sinceshe
knew how littleK athy had enjoyed exploringthis
numericterritory intheIMT group:
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| kept poppinginonKathy’ sgroupasmuchas
| could when shestarted this. | had to seehow
this [would go]. | couldn’t believe it would
work. (summer conversationwith SS)

When Kathy announced her decisiontodothis
unit, Debi wondered, “ What' sthepoint?’ justas
shehadwhen shelearnedthat Deborah Ball had
taught thismaterial tothird graders. But asshe
observed Kathy’ s students, she began to find
someanswerstothisquestion:

| just kept remembering Nathaniel going,“1 did
it, | did it!” or something like that. And it
answered hisquestions.

Andthen| remember Lucasfromthefirst year
[when she and Kathy wereworking with the
same students as second graders| saying,
“Can’tyoudothat?Isn’tthere...anumber?’
AndKathy and|l weregoing, “Nope. Youcan't
do that.” And we were both looking at each
other and going, “Well, what arewe supposed
todo?” Andthat year we chosetoignoreit.

Kathy wouldn’t do that anymore. .. | don’t
know if she’ d pursueit, but she’ d givetheman
answer, somesort of explanation. ... Whether
shewould pursueit or not, who knows, but she
wouldn’twanttodropitlikesheand| didthe
firsttimeit cameup.

Watchingthethird gradersthat shehadknownfor
amosttwoyearsdelightedly creating numbers
sentences*that end bel ow zero,” shebegantosee
reasonsfor introducingthemtothisnumericter-
ritory. Inaddition, shetold Steve, “Watchingthe
kidsgothroughit helped mefigureit out more.”

Beforelong, thesecond gradersshewasteaching
asked her if thereweren’ t numbersbelow zero. A
year earlier, sheand Kathy hadignored aques-
tionthat seemedto beheadedinthisdirection;
thistimesheaddresseditheadon: “1 said,  You're
absolutely right. That’ scalled anegativenum-
ber,” and | pointedto my number line. Andthen
| said, ‘You'll get into that. Talk to [your
homeroomteacher] about that one.””

Fall,1992

Debi had comeaway from her experiencewith
negativenumbersinthelM T group determined
that shewould never againlet herself slideinto
passivity and defeat asalearner. Shehad seenthe
danger of “ goingright back intothat old mode,”
andresolvedtoguard againstit. For that reason,

aneventthat occurredinthethirdIM T meeting of
1992-93 stood out asamarker for her and for
Steve, Helen, and Lauren. Another teacher was
explaininganideathat had croppedupinher sixth
grademathclassabout thedivisonof decimals; at
thelM T group’ ssuggestionshehadmovedtothe
blackboard in order to maketheideaclearer.
Many of therest of uswere copying downthe
problem she had put upinorder to think more
aboutit. Confused by what Lisawassaying, Debi
leaned over to Steve, whowasseated next to her,
to ask a question. As he explained what he
thought Lisa’ sstudentshad been saying, Debi
whisperedwithatriumphantgrin, “It’ slikenega-
tivenumbersall over again. Only thistimel’m
challenged!”

REFLECTIONSON THREE CASES

Kathy, Carole, and Debi havemuchincommon:
They areal whitewomen, al threeteach primary
gradesinthesameurban elementary school, all
studied mathematicsinhighly traditional € emen-
tary and secondary classroomsandall emerged
fromthem between twenty andthirty yearsago
withastrongaversiontomathematics, withlittle
experienceof learning math conceptually, and
withasdlf-definitionthat had* not good at math”
stampedonitinbold, apparently indelible, [ etters.
All three have worked hard to learn to teach
mathematicsmoreconceptually andtoprovide
experiencesfor their own studentsthat will pro-
motedeeper understandingsof mathematicsand
moreenthusiasmfor doingmathematics. Inaddi-
tion, they spend considerabl etimetalking to-
gether about teaching, children, andthe puzzl esof
mathematicsteaching. All havemadeimportant
changesintheir understandingsof mathematics
andtheir stancetowardsmathematics.

Y et despitetheseimportant similaritiesand shared
concerns, their stories, althoughoverlapping, are
quitedifferent. They describedifferent pathsto
learninganddifferent outcomes. Wewant tol ook
hereat someof thekey featuresof thesestories.
After that wewill look at thelearning they de-
scribeand offer some conjecturesabout what
featuresof their own primary gradeclassrooms
seemedto havefostered their own learning of
mathemati csso much moresuccessfully thandid
acollegeclassroom.
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To us, the most dramatic feature of Carole’s
storyisthelanguageof excitement, cel ebration,
anddiscovery. When shetalksor writesabout
her ownlearningor about her students’ ideasand
ingghts, Carol€ slanguagefairly glitterswithvivid
verbsand compellingimagesof travel, awaken-
ing, and discovery. Math, which used to be
sterile,“dry,” “black andwhite,” now * haslife, it
hasmany questionsandlotsof answers.” The
children haveknowledgeandideasshenever
beforeimagined. | deasand numbersthat seemed
isolated now connectin previously unimagined
ways. Caroleseemsto betelling astory about
discovering connections. Sheseesnew connec-
tionsamong mathematical ideasas, for example,
she watches her students create number sen-
tencesequal toten: “I didn’trealize 10 wasout
thereall thosedifferent ways.” Shefindsthat
peoplecan connect with oneanother asthey do
mathematicsandtry tocommunicatetheir ideas
tooneanother inher ownclassroomandinthose
of her colleagues. Shediscoversnew connections
between people and mathematics—it has be-
come, for example, “very obvious’ inher own
life.

Her excitement about her students' ideasandthe
connectionsthey areforging seemto propel her
forward. It makesher want tolistento her stu-
dents, to hear moreof theirideasandtowork to
understand and appreciatethem. Her discovery
that strategi esthat shesaw themusingtosolvea
problem and dismissed—* That can’ t work” —
were fruitful—"“No, wait aminute, that does
work!”—leadshertolistentothemwithfaithand
careful attention.

By creating anenvironmentinwhich children
exploreandarti culatemathematical ideas, and by
listeningtotheideasthat thechildrenthenarticu-
lated, shehaslearnedimportant thingsabout the
natureof mathemati csand about what it meansto
domathematics.

Debi’ sstoryissomewhat different. Althoughshe
wasoriginally defeated by mathin school and
college, several later experienceswithformal
mathematicscoursesbuilt up her eroded confi-
dence. By thetimeshestarted student teachingin
1990, shehadearned4.0sinseveral mathcourses.
Althoughshebelievedthat her knowledgeof this

mathwashighly procedural and depended on her
memory of formulasinthebook, shefeltthat she
could now handle what she called “concrete
math.”

Theskill shehad devel opedinher community
collegecoursesdidnot, however, equip her to
teachmathintheway shewantedtoteachit. For
thisshehadto explorenumbersandbasicarith-
metic operationsmoredeeply. Shehadtofind
waysto see numbers as decomposablerather
than “solid.” She had to learn more about the
connectionsamongarithmeticoperations. Some
of thissheaccomplishedintheclassroom, listen-
ingtochildren present ideasand stretchingto
understand what they were saying. But agood
part of herlearningcameoutsidetheclassroomas
shepreparedtoteach, asshethought through, for
example, aunitondivisionandtriedtoconnectit
towork her studentshad doneearlier onmultipli-
cation. Thework shedid outsidehel ped her to
understandtheir understandings—thethingsthey
said, the representations they created on the
chalkboardandintheir notebooks. Italsoledher
to connect addition, subtraction, multiplication,
anddivisioninnew ways—andtoraisequestions
about the practiceof teachingtheminisolation
fromoneanother.

If Carol€e slearningwasfueled by her students’
newly visibleideas, Debi scemstobepropelledin
part by her sense of herself as alearner, her
celebrationat continuingtolearn. If Carole’s
story evokesimagesof Dorothy openingthedoor
onthetechnicolor world of Oz, Debi’ ssuggests
someonewho tasted both defeat and successat
thelearninggameandtakesspecial delightinher
own learning because of the journey that has
brought hertoit.

Listeningisanevenmorecentral themein Kathy's
story thaninthose of her colleagues. Her first
journal entry examineswhy studentsinher class-
room listen best to oneanother during sharing
time; inJunesheidentified changesintheway she
waslisteningtostudentsascentral tothechanges
shehadmadeinher practice. Itislisteningto her
students, inpart, that carriesher intotheland of
negativenumbers. Anditislisteningtothemthat
convincesher that negativenumbersarenot, in
fact, asdifficult and abstract asshehad thought.
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Over andover, asshewatchedthethirdgraders
workinginthisnumericterritory, sheshook her
head disbelievingly andwhisperedtoHelen, “|
can’'tbelievehow easy thisisfor them.”

Kathy’ sinterestinlistening connectsclosely to
her delightinher ownlearningandinher students
learning. Like Carole, sheisexcited by their
ideas, by theway that they make senseof math-
ematics—as well as other things. And sheis
delighted by thewaysinwhichideasintheclass-
roomgenerateother ideas, by thewaysinwhich
agood questiongeneratesintellectual discourse.

Her commitment to the adventure of her own
learning carried hertotheIM T group; threeand
ahaf monthslateritledher to proposethat, with
help, shewouldliketoteach her third graders
about negativenumbers. To someoneasuncer-
tain as Kathy was about her own grip on this
content, thiswasatruly frighteningundertaking—
sherecallsfeeling quitepanicstrickenontheday
when Helen took awrong turn on the way to
school, leaving her tolaunchtheunit onher own,
totally without support. Andyet, asshesaidto
Heenfivemonthslater,“ | waslikeHenriettaHen:
| couldn’ twaittogettoschool inthemorningto
teach about negativenumbers.”

InsidethePrimary Classroom

Beforethey chosetheunit onwhichthe IMT
groupwouldfocusduringthefall, Lauren, Steve,
andHelenrealizedthat someteacherswouldfeel
intimidated by thefocuson mathematical opera-
tionsinvolving negativenumbers. They believed,
however, that as members of the IMT group
watched eight-year-oldswork withtherepresen-
tationsthat Ball usedin her classroomandlis-
tenedtovideotapeddiscussions, thesefearswould
fade(seeFeatherstone, Pfeiffer, & Smith, 1994).
They thought,inshort, that watchingthesevideo-
tapesandexpl oringthethinkingof childrenwould
proveaneffectiveway tolearnmathematics. In
fact, however, they werewrong: Theteachers
whosaidthat they felt uneasy and unsureinthis
mathematical territory inOctober still claimedto
beuncomfortabletherein December. Although
theexplorationsof theM.A.T.H. materialsseems
tohavelaidthegroundwork for other important
developmentswithinthegroup (seeFeatherstone,
Pfeiffer,& Smith, etal., 1993) andledtochanges
intheway someof theteacherstaught math, itdid

not appear to havealteredtheway theteachers
thought about themsel vesas|earnersof math-
ematicsor about the specific subject matter—
operationswithintegers.

Nonetheless, over thecourseof the 1991-1992
school year, Carole, Kathy, and Debi did make
maj or changesinthewaysinwhichthey thought
andfelt about mathematicsandintheir knowl-
edgeof thesubject matter. They traced most of
these changesto thingsthat happened in and
aroundtheirteaching: They learned mathby teach-
ingit.

Our explorationsof thesethreecasessuggest a
number of reasonswhy their own primary class-
roomsturned out tobeparticularly good settings
for learningmath—why, indeed, they werebetter
settingsthanthevast maority of university classes
would have been. We consider these reasons
below.

Therelationship betweenthelear ner andthe
mathematical ideas. Whenteachersbeginto
createopportunitiesfor their studentstoinvent
new waysto solvemath problemsandto share
their ideasand evolving theoriesabout math-
ematicspublicly, they areoftenvery muchexcited
by what they seeand hear. At least, thisisthe
experienceof teachersinthelM T group, anditis
an experiencereported by other teachersand
teacher educatorsaswell (Schifter & Fosnot,
1993). A teacher hasaspecial relationshipwith
ideasgenerated by her own studentsin her own
classroom. Thisrelationshipincludesasenseof
pride and curiosity and isdifferent and more
intensethan her relationshipwiththeideasgener-
ated el sewhere. Thus, although Caroleremem-
bered that she sometimeslost thethread of the
mathematicsdiscussionsthat we observed on
videotapes of Ball’ sthird grade, shefocused
carefully onlisteningtoher ownstudents, tryingto
hear exactly what they were saying. All three
teachers' journalsarefilledwithexcited reports
of particular insights—recall, for example,
Carole sexcitement when oneof her students
explained 100-100+12=12 by saying“It’slike
1-1=0and 0+12=12." Hearingand celebrating
theseideasisoneof therewardsfor all thework
anduncertainty that effortstoteachinnew ways
entails. Again, Carol eiseloquent onthispoint:
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I’mamazed at how muchknowledgekidsreally

have.l’malwaysamazed. | don’tthink aclass

goesby that I’'mnot amazed. They know alot.
Therearealot of themwho know alot about a
lot of things. And you don't discover that

unless you let them share and let them talk.

(interview, January 1992)

If ateacher feel saspecial interestintheideasto
whichshehasinasenseservedasamidwife—by
crestingtheenvironmentinwhichthey wereborn—
shemay study themwith special care, makinga
greater effort to understand them than shewoul d
investinamathematical ideasheencounteredin
another setting. Inaddition, Kathy pointsout, as
ateacher shefeelsaprofessional obligationto
make every effort to understand her students
mathematical ideas: “| amresponsiblefor the
childrenlearningthis. That isthebottomlineand
itisof utmostimportancetome.”

Theexpectationsthelearner bringstothe
setting. When Carole, Debi, andKathy learned
that they weregoingto encounter unfamiliarand
somewhat abstract mathematicsinthelM T group
meetings, they did not feel very optimisticabout
understanding thismath. Probably most Ameri-
canadultswould havefelt thesamepessimism:
their school encounterswith mathematicshave
not encouraged them to believethat they will
understand new mathematicsevenif they suc-
ceededingetting adequategradesinmathematics
courses. They bringthelegacy of these school
experienceswiththemtoany formal settingin
whichthey arestudentsand mathematicsplaysa
visiblerole.

But elementary school teacherswhoarriveat a
university mathematicsor mathemati cseducation
class expecting to be confused may feel very
differentintheir ownclassrooms. Inthissetting,
they expect tounderstandwhat issaid. They do
not expect their own studentstoformulatemath-
ematical ideaswhicharebeyondtheir ownca-
pacity to understand. Andthe expectation that
they can understand what their studentssay may
support their effortsto make senseof what stu-
dentssay andtherepresentationsthat they cre-
ate.

Oncetheeffort hasbeen madeand thedifficult
new idea understood, Kathy’s story demon-
stratesthat the experiencemay haveimmense
symbolicimportance. “ | havelearned,” Kathy
reportsafter ayear of listening hard to her stu-

dentsmathematical ideas, “that | candoreally
hardmathby teachingit.” Carolemakesasimilar
comment: “I’m not afraid of it, becausel can
figureitouttoo.” And Debi notes, “ | feel chal-
lenged.”

Nature of thelearning opportunities. The
NCTM arguesthat aclassroominwhichchildren
areworkingonreal problems, explainingtheir
thinking, and generating multiplewaystolook at
aquestion createsabetter environmentfor learn-
ing mathemati csthan doesaconventional math-
ematicscurriculum. Theirargumentsarebasedon
recent researchincognitivepsychology andon
social constructivistideasabout learning. This
research appliesasmuchtothelearning of adults
astoelementary school children; itfollowsthat
teachers, if they areto construct understandings
of mathematical ideas, need achancetoengagein
mathematical discussionsandtoplay intellectu-
ally withalternativerepresentations. Asmatters
now stand, they areunlikely tofindtheseoppor-
tunitiesinauniversity mathclass. Havingworked
hardto createthemintheir ownprimary class-
rooms, Carole, Debi, and Kathy did find them
there.

Inananalysisof what teachersneedtoknow in
order to teach history in secondary schools,
Wilson, Shulman, and Richert(1986) arguedthat
in order to convey a concept to the diverse
collection of studentspresentinany secondary
school classroom, teachersneedto know their
subject deeply enoughtobeabletorepresentitin
multipleways. Onerepresentationsimply will not
work for all learners. Inthemathematicsclasses
of Debi, Carole, and Kathy, both childrenand
teachershaveaccessto multiplerepresentations,
becauseclassroomnormsencouragestudentsto
generateand present them. Thesenormsgenerate
opportunitiesfor teacher aswell asstudentsto
look at anideafrommultipleviewpoints.

What istaught. Inthe past decade, multiple
voiceshavepointed out that what studentsdoin
traditional elementary, secondary, and college
mathematicsclassesbearslittlerelationshipto
what mathematiciansdo (see, for example, Ball,
1990b; Lampert, 1990; NCTM, 1989and 1991):
Whilemathematicianswork, bothal oneand col-
lectively, tosolvemathemati csproblemsforwhich
their disciplinary community currently hasnoso-
[utions, studentsin math classeswork to memo-
rize or understand the results of the work of
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mathematicianswho havebeen deadfor centu-

ries. Inthevast mg ority of math classes—at any

gradelevel—studentsget noexperienceof doing
mathematics. They donotlearnthat mathematics

isahuman construction, that |earningtodo math

is,inlargepart|earningto hear and makesenseof

what other mathematicians think about how to
approachmath problems. They learn, asCarole

says she did in her years as a student, that

“[m]athematicswasvery individualisticanddry.

Therewasaprocess, youhadtolearnit, andyou

gotthroughit.”

Intheir own primary gradeclassrooms, Carole,
Debi, and K athy got to see people—sevenand
eightyear olds—" doingmathematics.” Day after
day, they saw young mathematiciansworking
together to find away to solve aproblem that
madesensetoall inthecommunity. They worked
onwaysto communicateabout mathematicsthat
wouldfoster sharedunderstandings. They worked
tovalidate conjectures, or to find counter ex-
amples. Asthey nurtured, presided over, and
observed thework of thesecommunities, they
had theopportunity toredefinewhat mathematics
is, and what it means to do mathematics. As
CarolesaidinJanuary 1993, “ It scommunica-
tion,it’ sdiscovery, it’ sadventure.”

Intheir primary gradeclassrooms, Carole, Debi,
andKathy arehaving anopportunity that noneof
them had duringthefirst 35yearsof their lives,
andthat only atiny minority of Americanadults
will ever have: they partici patedinacommunity of
mathematicians. Weought not to be surprised
that thisexperiencedeepenedtheir knowledgeof
thediscipline.

What thelearner must doinorder tolearn.
Common sensetellsusthat few Americanswho
leavecollegewithlittleknowledgeof mathemat-
icsand little confidence in their ability to do
complex mathwill deepenor extendtheir know!-
edgeof thediscipline. Itishardtolearn more
mathasanadult, if youbeginby feelingthat you
know very little. Thereareseveral reasonsfor
this.

First,intheabsenceof compelling external incen-
tives, most peopleavoid settingsinwhichthey
expect they will feel uncomfortableor incompe-
tent, and ahistory of bad experienceswith school
mathwill probably |ead most peopl etoexpectto

experienceapotpourri of negativeemotionsin
any organized math classor eveninaninformal
settingwherethey areroutinely expected tothink
about math.

Second, inmost settings, onehastoask embarrass-
ingquestionsinorder tolearnbasicmath. InApril
1992, K athy askedtol M T groupwhether oneplate
out of aset of 8was 1 or 1/8. A year later she
recalled,“| feltlikel wastakingabigrisk whenl
askedthat question. Andthen, everyoned se knew;
everyoneelsesaid,“Both!” likeitwasreal ly obvi-
ous.” Sixmonthslater shehesitatedvisibly before
asking othersinthegrouptoexplainapoint that
cameupaswewatched avideotapeof adiscussion
inBall’ sclassroom. Itisonethingtosay, “1" mnot
goodinmath.” Itissomething el setodisplay your
ignoranceby askingaquestionthat may turnout to
be, asK athy says, “embarrassingly dementary.” In
addition, when you ask someone to teach you
something, thespotlightfocusesonyouinaway that
may turnouttobevery uncomfortable—thewoul d-
beexplainer will keepaskingwhether youunder-
stand. Sometimesyou say that youdojust because
havingyour understandingtakenout,inspected,and
evauatedat frequentinterval sisintensely unpleas-
ant.

Inher ownclassroom, Kathy cametonew under-
standingsabout fractionsand negativenumbers
without displayingignorancepublicly or beingput
onthespotinthesameway. Sheand Caroleand
Debi learned by listeningtowhat childrensaid
and by thinking carefully about their claimsand
their representations. They foundtheseactivities
deeply congenial.

Therewardsfor learning. Teachersinthe
IMT group arestrongly committedto creating
the best environmentsthey canfor their stu-
dentsto exploremathematical ideasand grow
inmathematical power. Had they believed that
they could haveaccomplishedthisby enrolling
in a college math class, many would have
struggledto overcomeanatural reluctanceto
put themselvesinasituation wherethey felt
pessimistic about succeeding asstudentsand
enrolled. Infact, however, research doesnot
suggest that teachers can count on learning
what they need to know about mathematicsto
improvetheir teachingin such anenvironment
(Ball & McDiarmid, 1990). Nor isthispar-
ticularly surprising: Just asDebi did not find
that taking algebraand trigonometry courses
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incollege—and getting top gradesinthem! —
hel ped her to think about numbersinwaysthat
hel ped her to teach subtraction to seven year
olds, most teacherswill not find that the bow-
ing acquaintancewithlimitsthat they getina
ten-week calculusclasshelpsthemtoteach
decimalsor area. If ateacher’ sfocusison her
own classroom, therewardsfor learning math
inacollegeclassare, at best, far removedin
timefromtheeffort expended; at worst, they
never materialize.

By contrast, the rewards for working hard to
understandwhat your ownstudentsaresayingor
arelikely to say tomorrow areimmediate and
sometimesimmense. Consider, for example, the
pleasurethat Kathy felt when, after strugglingfor
amoment with Noah and Jeff’ sassertionthat “ -
10+-10=0," she understood both that it was
incorrect andwhy it wasincorrect and managed
toformulateaquestiontohelpthemtolook atthe
problem from anew angle. (Andimagineher
further satisfactionwhen, afew minuteslater, the
onelittlegirl who had previously failedto make
much senseof numbersbel ow zero cametothe
boardandexplained, clearly and cogently, why -
10+-10 had to equal -20.) Outside of her own
classroomitwouldbedifficultindeedfor ateacher
tofind such powerful andimmediaterewardsfor
her effortsto understand amathematical idea.
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